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1 Introduction

1 Introduction
The radio occultation measurements are performed by a low Earth orbiting satellite (LEO)
which measures the signals from a GPS satellite while the LEO sets behind the limb of
the Earth relative to the GPS satellite.
When inverting radio occultation measurements of the atmosphere of the Earth a geometrical optics approach is usually taken. In this approximation the wave propagation is
approximated by rays. The geometrical optics approximation is valid in the limit  ! 0
where  denotes the wavelength. This is usually a good approximation but due to the
vertical gradient in the refractive index in the atmosphere the vertical resolution obtained
by using the geometrical optics approximation will be diraction limited. In cases where
the vertical gradient in the refractivity is very large multipath problems will furthermore
occur. Multipath problems is when several rays arrive at the receiver a the same time
making it impossible to distinguish the ray path for the separate rays. In this case the
geometrical optics approximation is invalid and better retrieval methods must be used.
This report is about an inversion method termed Back-propagated Abel inversion which
can be used for overcoming diraction problems when inverting radio occultation data for
the atmosphere of the Earth. The method has previously been described in
Gorbunov and Gurvich, 1998] and Karayel and Hinson, 1997]. The purpose of this report is to give a description of the method - containing details about the calculations which
are omitted in Gorbunov and Gurvich, 1998] and Karayel and Hinson, 1997]. Furthermore, a few example of the results are given.
In the Back-propagated Abel inversion method the electromagnetic eld is back-propagated using the solution to the wave equation in free space. When the eld is back propagated to a plane much closer to the atmosphere the geometrical optics approach can be
used in this plane but giving an enhanced resolution and less multipath problems. The
idea is equivalent to a lens focusing problem.
Sharp gradients in the refractivity of the atmosphere can for example occur around the
tropopause, where the temperature changes a lot. But otherwise sharp refractivity gradients will be seen close to the surface of the Earth most oend and will be caused by
inversion layers and water vapor gradients.
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Figure 1: The geometry of the occultation and the coordinate system used for the backpropagation.

2 The Back-Propagated Abel inversion method
2.1 The Geometry
A schematic illustration of the occultation geometry is shown in Figure 1.
The distance to the GPS satellite is given by R . For each sample in the occultation
measurement a coordinate system (z ) is dened in the plane given by the position of
the GPS and the LEO satellites and the center of the Earth. The z;axis is the vector
from the GPS satellite tangential to the Earth closest to the LEO satellite. The ;axis
is perpendicular to the Earth at the tangent point. The angle  is the angle between the
vector R~ and z^. During the occultation the LEO satellite will move along S .
g

g

Figure 1 also illustrates a ray path. When using a geometrical optics approximation
the signal from the GPS to the LEO satellite will follow a distinct ray path. The angle
between the ray path and the z^-axis is denoted by  . The closest distance to the Earth
is given by r and the right-angled distance to the straight line asymptote of the ray path
is a. The angle between the two asymptotes is .

2.2 Determining the Coordinate System
For each sample in the occultation measurement a coordinate system ( z) is dened.
The coordinate system lies in the plane given by the GPS and the LEO positions and the
center of the Earth. The z^-axis is dened by the straight line from the GPS towards the
LEO tangent to the Earth. z = 0 at the tangent point. The ^-axis is perpendicular to
the Earth and directed outwards.
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2.2 Determining the Coordinate System
The occultation measurements gives positions in a Cartesian coordinate system (x y z)
with center at the center of the Earth. These coordinates must then be transformed to
the new coordinates ( z).
The equation for the plane going through the GPS-position, the LEO position and the
center of the Earth is given by
(y z
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; z y )x + (z x ; x z )y + (x y ; x y )z = 0
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The coordinate system ( z) will be in this plane so rst a transformation from (x y z) to
a coordinate system (x1 y1 z1) with axes x^1 and z^1 in the GPS, LEO, Earth-center-plane.
This transformation can be obtained by two rotations described by the angles ' and .
Thus, the transformation from (x1 y1 z1) to (x y z) is given as
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and the transformation from (x y z) to (x1 y1 z1) is given by
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The angles ' and can be found from the equation for the GPS, LEO, Earth-center-plane
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The equation describing the Earth's ellipsoid is given by
2
x2 + y2 + (1 ;z f )2 = R2
(6)
where R is the radius of the Earth at the equator and f is the oblateness. The ellipse
determined by this equation in the GPS,LEO,Earth-center-plane will have y1 = 0 and
thus be given by


1
2
2
2
2
x1 + z1 sin + (1 ; f )2 cos = R2
(7)
eq

eq

eq
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2.2 Determining the Coordinate System
So when using

a0 = R

(8)

eq

and

R
sin2 + (1;1 )2 cos2

b0 = q

(9)

eq

f

the ellipse can be written

x21 + z12 = 1:
(10)
a20 b20
Now the line from the GPS tangent to the ellipse can be determined. First, a parametric
representation of the line is written
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where x1 is the x1-coordinate of the tangent point on the ellipse and t is the parameter
of the line. This line must go through the point (x1  z1 ). From this knowledge
the point x1 can be determined
t

GP S

t

;2b x
=

x1

2
0 1GP S

t



q

GP S

+ 4(z12 + 020 x21
;2(z12 + 2220 x21 )

4b40x21

2

b

GP S

GP S

a

GP S

)(z12

GP S

; b )a
2
0

b

GP S

a

2
0

(12)

GP S

The corresponding z1-coordinate will be given by the equation for the ellipse
s

x2
z1 = b0 1 ; a12
(13)
0
Of the four solutions that can be obtained this way only two are real solutions. The
correct sign for z1 can be determined by testing the original equation for the tangent line
(11). Thus, the two possible tangent lines are determined. Of these two the one closest
to the LEO are the desired solution.
t

t

t

From the tangent line the new z^-axis can be determined as

1
x1 ; x1
z^ = p
(x1 ; x1 )2 + (z1 ; z1 )2 z1 ; z1
The rotation angle of z^ with respect to the x^1-axis is given by
cos v = x^1  z^
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2.3 Inversion using Back-Propagation
where the positive sign must be used when z1 > z1
z1 < z1 .
t
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The transformation from (x1 z1)-coordinates to ( z)-coordinates will thus be
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As the GPS and the LEO satellite moves during the occultation the samples will not lie
in the same plane during the occultation. The new coordinate system ( z) is thus slowly
rotating and translating with respect to the coordinate system (x y z).

2.3 Inversion using Back-Propagation
The method which has been used in the study presented here has previously been described in Gorbunov et al., 1996] and Gorbunov and Gurvich, 1998]. The idea is to use
scalar diraction theory to back-propagate the complex electro-magnetic eld measured
at the LEO to a plane nearer to the Earth. Once this is done the geometrical optics
approximation can be applied again but the diraction eects will be smaller.
To obtain the back-propagation solution the propagation of the electro-magnetic signal
must be described. The complex amplitude u of the scalar electro-magnetic eld in
vacuum satises the Helmholtz equation
u + k2u = 0

(17)

where k is the free space wave number. The scalar version of the wave equation can be
used because the atmosphere is tenuous Tartarskii, 1971].
If the electro-magnetic eld u0 is known all over a distant straight line S a solution u(~x) to
the Helmholtz equation can be found in a given point ~x. This is the two dimensional solution for the external boundary problem for the Helmholtz equation Born and Wolf, 1993]
Z
i
u(x) = 2 u0(y) @n@ H0(1)(kj~x ; ~yj) dS
(18)
y

y

S

where n is the external normal to S and H0(1) is the Hankel function of rst kind of zero
order.
y

The two dimensional approximation can be used under the assumption that the horizontal
structures in the atmosphere are large compared to the lateral dimensions of the Fresnel
zone. The Fresnel zone is a measure of the area which has inuence on the measurement.
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2.3 Inversion using Back-Propagation
In an occultation measurement of the Earth the Fresnel zone size is less than 2km so the
two dimensional approximation is normally good.
The high frequency expansion (kj~x ; ~yj) ! 1 of H0(1) in the expression for the eld (18)
is given by
s

H (kj~x ; ~yj) ' kj~x2; ~yj exp ikj~x ; ~yj ; i 4

(19)

(1)
0

when using this the expression for the eld becomes
 1 2 Z
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1 2
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y

where ' is the angle between the normal n~ to S and the vector ~x ; ~y. This solution
can be used to described the eld measured at the LEO if the eld is known on the
back-propagation line ( z0) indicated in Figure 1.
xy

y

In order to describe the eld at the back-propagation line from the eld measured at the
LEO the solution to boundary problem which propagates in the opposite direction must
be chosen. This solution is given by
 1 2 Z
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In this case S is the curve formed by the movement of the LEO satellite during the
occultation and u0(~y) is the measured signal. Due to the large radius of the satellite
orbit and the short duration of the occultation measurement S can be approximated by a
straight line. The vector ~x now indicates a point on the back-propagation line. The eld
u(~x) is thus the complex electro-magnetic back-propagated signal which can be used to
derive the geometrical optics solution.
Using the ( z)-coordinate system the ~x-vector is given by ( z0) and the measurement
vector ~y can be described by the parametric equation
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(22)

where a and b are known constants as the position of the LEO satellite is known. The
normal vector n~ will then be given by
y
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so the angle ' can be found from
xy

; ~y)
cos ' = ~nj~n jj(~x~x ;
(24)
~yj
Finally, the integration can be transformed from the curve S to the variable  whereby
the back-propagation integral becomes
y

xy

y

 1 2 Z1

u(~x) = 2k

=

p
u0(~y) cos ' exp(ikjj~x~x;;~y~yjj1;2 i=4) 1 + a2 d
xy

;1

=

(25)

The back-propagation solution assumes stationarity in time as the occultation samples
used to calculate the back-propagated eld are in reality a time series. This is a good
approximation for the atmosphere as the occultation measurement only takes about a
minute during which time interval the atmosphere can not change signicantly. On the
other hand the back-propagation solution also assumes that the GPS does not move during
the occultation as the measurements are assumed to originate from the same place in the
back-propagation solution. This is not entirely true but since the distance to the GPS
satellite is very large compared to the distance from the atmosphere to the LEO the GPS
satellite can be assumed to be at a xed location during the occultation.

2.4 Geometrical Optics Inversion
The inversion of radio occultation data using the geometrical optics approximation is
the most commonly used inversion method for this type of data. The method has
been extensively described elsewhere e.g. Fjeldbo et al., 1971], Melbourne et al., 1994],
Kursinski et al., 1997]. Thus, in here only a brief review of the method will be given.
In the geometrical optics approximation, the electro-magnetic signal is described as following distinct ray paths. A ray passing through the atmosphere is refracted according to
Snell's law due to the variation of the refractive index. The total inuence of the atmosphere on the signal can be described by a bending angle , an impact parameter a and
a tangent radius r. These parameters are shown in Figure 1. As the Earth is ellipsoidal
(not shown in Figure 1) the local center of the refraction and the local radius of curvature
should be used in this calculation instead of the center of the Earth and the Earth radius
Syndergaard, 1998].
The geometrical optics solution can either be used directly on the measured signal or it
can be applied after the back-propagation.
When the geometrical optics approach is used directly a,  can be calculated from the
measured Doppler-shifted frequency of the transmitter signal at the receiver and the
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2.4 Geometrical Optics Inversion
positions and velocities of the satellites for each sample in the occultation measurement
Fjeldbo et al., 1971].
In the case where the eld has been back propagated the approach is dierent as the time
dependence is lost as the samples are combined to form the back-propagated eld. To
nd the bending angle and the impact parameter the total phase delay  as a function
of height  on the back-propagation line must be calculated from the complex backpropagated signal. Then the bending angle  is given by


d
;

(26)
 ;  = arcsin 2 d
and the impact parameter a is given by

a2 = (z0 ; z ) sin( ;  ) + ( ;  ) cos( ;  )
D

R

(27)
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R

where the angle  can be determined from  = arcsin( ) ;  and  = arcsin( ). The
distance from the GPS satellite to the center of the Earth is denoted by R and R is the
Earth radius Karayel and Hinson, 1997]. The center of refraction is given by (  z  y1 )
where y1 is the contribution that lies outside the ( z)-plane.
a
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If the refractive index varies only with radius the conversion from bending angles  as
a function of impact height a to refractivity n is performed through the Abel transform
Fjeldbo et al., 1971]
3
2 Z1
n(r) = exp 4 1 p 2(a) 2 da5



a1

a

;a

1

(29)

where a1 = nr is the impact parameter for the ray whose tangent radius is r.
The refractive index primarily depends on the dry neutral atmosphere, free electrons in
the ionosphere and water vapor Kursinski et al., 1997]. The ionospheric inuence is frequency dependent and can thus be removed as the GPS transmit two dierent frequencies.
In general the dry neutral atmosphere and the water vapor can not be separated. In this
study the main interest has been in studying the inversion process to refractivity. Therefore refractivity has been converted to dry temperature results assuming no water vapor.
This is only a matter of a convenient way of representing the results. The results are not
limited to this case.
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2.5 Discussion
The back-propagation solution (21) is the solution for free space propagation. In order to
enhance the resolution the back-propagation line will be placed far into the atmosphere
of the Earth. The eld obtained is thus not equal to the physical eld that would be
measured at this point. This is not a problem though as the bending angle and impact
parameter still can be calculated using the geometrical optics approximation as shown in
Figure 1. Only, the parameters will be ltered so they have an enhanced resolution. The
exact position of the back-propagation line is a free parameter.
When using the back-propagation solution horizontal homogeneity is assumed in the entire
area covered by the occultation. This area includes the horizontal area perpendicular
to the signal propagation direction which is created by the satellite movement in this
direction. In the direction of the signal propagation the horizontal resolution and thereby
the area where homogeneity must be assumed is estimated to be equal to the ray path
propagation length inside one vertical resolution cell. Both these assumptions also applies
to the direct solution using the geometrical optics approach. As the back-propagation
solution gives a very good vertical resolution the measure for the horizontal resolution
in the direction of the signal propagation will also be improved. Thus, when considering
the area in which the horizontal structure should be homogeneous the movement of the
center of refractivity should be taken into account.
In the back-propagation integral (21) the integration limits are innite. To evaluate this
integral as fast as possible the stationary phase point was found, i.e., the extremum point
of the function ' = arg(u0(y)) ; kj~x ; ~yj. It was then found that using integration limits
equivalent to phase variations '  10 made the integral converge Gorbunov et al., 1996].
Choosing a narrow integration interval will also have the eect of decreasing the inuence
from noise on the back-propagated results Marouf et al., 1986]. In cases where very
high resolution is needed in order to retrieve a structure wider integration limits will be
necessary Marouf et al., 1986].
As the back-propagation solution is a rather slow method compared to using the geometrical optics approximation directly at the measured data the two methods are normally
combined. Multipath propagation in the neutral atmosphere is normally only seen for low
altitudes so the back-propagation method is used in the lower part of the measurement
while the direct geometrical optics approximation is used in the upper part. The two
solutions can easily be combined as both calculate bending angles as a function of impact
parameter and in areas where the atmosphere is smooth the two solutions will be equal.
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3 Examples
In this section the results obtainable with the back-propagation method will be illustrated. This done by comparing inversions of simulated occultation data using the backpropagation method and using the geometrical optics approach directly at the measurements. A more thorough comparison can be found in Mortensen et al., 1998].
In the following the inversions obtained using the back-propagation method will be termed
back-propagated Abel inversion. The inversion obtained using the geometrical optics
approach directly at the measurement will be termed direct Abel inversion.
The back-propagation plane is set at z = 100km. This placement is suitable for most
inversion cases but is not an optimized position in any way.
For a smooth atmosphere the Back-propagated Abel inversion and the Direct Abel inversion should give the same results. A simulation of an occultation measurement has
been performed using three dimensional ray tracing through a smooth model atmosphere
Heg et al., 1995] with no water vapor. The simulation used orbit epherimedes from the
GPS/MET experiment occultation no. 1 Oct. 14, 1995. The neutral atmosphere has
been modeled using the MSIS model and the ionosphere has been modeled using a simple
two-layer exponential model (Chapman layers). In the simulation an ellipsoidal Earth
was used. Figure 2 shows the model refractivity used as input for the simulation together
with the refractivity retrieved using the back-propagated Abel inversion. As can be seen
from the gure there is very good agreement between the model prole and the retrieved
prole.
Figure 3 shows the error in retrieved refractivity relative to the model refractivity. In this
gure results are shown for both the back-propagated Abel inversion (BA) and the direct
Abel inversion (DA). As expected the error prole for both methods are similar. From
35km and downwards the error for both methods are less than 0.1%. Above 35km the
error increases due to limitations in the ionosphere correction method.
In cases where the atmosphere contains large gradients there will be substantial dierence
between the back-propagated Abel inversion result and the direct Abel inversion result.
A one dimensional forward occultation simulator which takes into account diraction
has been developed at JPL, i.e., large gradients can be simulated. The model uses a
spherical Earth, spherical satellites orbit and a piecewise linear temperature prole as
atmosphere model Kursinski et al., 1997]. Forward simulation data from this model has
been provided by Roger E. Lineld and Rob Kursinski, JPL.
Figure 4 shows part of the refractivity prole for a simulation with a large gradient. Both
the model data and the back-propagated Abel inversion result is shown. The gure again
shows very good agreement between the model data and the retrieved result.
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Figure 2: Model refractivity and result obtained after inversion of the simulated occultation data using the back-propagated Abel inversion. Smooth atmosphere case.
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Figure 3: Error in derived refractivity for the back-propagated Abel inversion (BA) and
the direct Abel inversion (DA). Seen relative to the model refractivity. Smooth atmosphere
case.
In Figure 5 the error relative to the model result is shown for both the back-propagated
Abel inversion and for the direct Abel inversion. The back-propagated Abel inversion
gives errors less than 0.1% as in the previous case whereas the error for the direct Abel
inversion is more than 1% in some places and generally worse than seen in the smooth
case. The direct Abel inversion gives rather bad results in a large area around the large
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Figure 4: Window of model refractivity and result obtained after inversion of the simulated
occultation data using the back-propagated Abel inversion. For Atmosphere with large
gradient.
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Figure 5: Window of error in derived refractivity for the back-propagated Abel inversion
(BA) and the direct Abel inversion (DA). Seen relative to the model refractivity. For
Atmosphere with large gradient.
gradient. This is because the direct Abel inversion can not take diraction eects into
account and these are seen several kilometers before and after the actual occurrence of
the large gradient in this case. Furthermore, the gradient shown in Figure 4 is so large
that multipath occurs. When multipath is present the direct Abel inversion is strictly not
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valid as a single ray cannot be identied. This is the reason for the very large errors in
some areas.

4 Conclusions
In this report the Back-propagated Abel inversion for inversion of radio occultation measurements has been described. This method has very good vertical resolution and can
overcome most multipath problems. The accuracy in smooth areas are as good as the
direct Abel inversion and large gradient are resolved with high accuracy also. The method
is as the direct Abel inversion based on an assumption of spherical symmetry.
The computational eort involved in using the Back-propagated Abel inversion is substantially larger than the eort involved in calculating the direct Abel inversion. On the other
hand the results obtained using the Back-propagated Abel inversion is superior to the
results obtained with the direct Abel inversion in areas with large gradients and as good
as the direct Abel inversion in smooth areas. In general it must thus be recommended to
use the Back-propagated Abel inversion for inversion of radio occultation data.
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