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Dansk Resume

| neervaerende artikel foreslas for det stabilt lagdelte graegssi parameterisering af den turbulente
overflade flux af impuls, sensibel og latent varme, som dirékiregner disse stagrrelser ud fra et bulk
Richardson talRRi). Det nye er, at det ikke farst er ngdvendigt at beregne slvejskoefficienter,
som funktion afRi eller Monin-Obukhov stabilitetsparameteren. Metodewtdgpjde for bade det
svagt stabile og det steerkt stabile greenselag og er ligeleassskent med total turbulent energi
lukning og indeholder ikke et kritiski. Metoden kraever lgsning af en 3. grads ligning, som
beskriver sammenhaengen mell&inog Monin-Obukhov stabilitetsparameteren. Hvis
ruhedslaengden for temperatur benyttes i definitioneRipkal ruhedsleengden for temperatur vaere
st@rre en en vis brgkdel af ruhedslaengden for vind for at unugdgple lasninger. Hvis derimod
overfladetempraturen beregnes i ruhedshgjden for vindykldt for Ri er der forRi > 0 en og kun
en positiv Igsning lgsning til 3. grads ligningen.

Abstract

In the present article a parameterization of turbulentas@fluxes based on the bulk Richarson
numer Ri) is proposed for the stably stratified, nocturnal planeteoyndary layer (PBL). The
parameterization works both for the strong and weak mixaggmes in stable stratification and does
not involve any critical bulkki. It is a novel feature of the method that calculation of drad a
exchange coefficients as functions of eitReor the Monin-Obukhov stability parameter is
unnescesary. Furthermore, the method is consistent wahttobulent energy closure and requires
solution of a cubic equation, describing the relationsidmieenRi and Monin-Obukhov stability
parameter. If the roughness length for temperature isegpli the definition oRi non-unique
solutions to the kubic equation may exist, and to obtain gussolution it is necessary to constrain
the temperature roughness to be larger than a certaindnaatithe roughness length for momentum.
This constraint disappears if the bottom temperatutgiimstead is calculated at the roughness
height for momentum.

www.dmi.dk/dmi/sr10-01 page 3 of 12



M Danish Meteorological Institute

Ml Scientific Report 10-01
1. Introduction

Present day numerical weather prediction models (NWP)stile so coarse horizontal and vertical
resolution that they are unable to resolve the majority diulent motions. The latter are important
for mixing of momentum and scalars in the atmosphere, nst leats boundary layer, which is the
layer influenced by surface friction adjacent to the surfaidde Earth. The turbulent fluxes of
momentum, sensible and latent heat at the interface bettheeatmosphere and ocean/ice/land
surface (henceforth referred to as turbulent surface fjuaesof particular importance since they
both play a significant role in the surface budget equatioissarve as lower boundary fluxes in the
NWP turbulence schemes. In the latter schemes the effectmfleince on the resolved state of the
atmosphere and its underlying surface is parameterize@lyiag a mixture of empirical and
theoretically based equations involving both turbulenu# mean state variables (i.e. variables
resolved by the model). In the present article a parameittssiz of turbulent surface fluxes based on
the bulk Richarson numer is proposed for the stably straifiedturnal planetary boundary layer
(PBL). The parameterization works both for the strong andkweixing regimes in stable
stratification (Zilitinkevich et al., 2007b; Mauritzen aggensson, 2007) and does not involve any
critical bulk Richardson number. It requires solution of &ictequation, describing the relationship
between the bulk Richardson number and the Monin-Obukhdilisygparameter.

2. Theoretical background

The Monin-Obukhov stability parametef £ z/L), derived from similarity arguments (e.g. Arya,
2001) applied for a steady state, horizontally homogensuatface layer (bottom part of thePBL), is
a key parameter in the parameterization of turbulent serflaces in NWP models. In the parameter
¢, z is the height above the surface and

ko (10/p0)*?
k 5H50/(Cpp0)

is the Obukhov length scale. Note that in many applicatians: L/k is used. In ( 1), = pou? and
Hy = —cppb.u, are the turbulent surface fluxes of momentum and sensibteresaectively.
Further,3 = g/0, is the buoyancy parametér~ 0.4 the Von Karman constant, ~ k a
corresponding constant for temperatuigthe surface potential temperatupg,surface air density
andc, the specific heat capacity of dry air at constant pressurallij u, andd, are typical

turbulent velocity and temperature fluctuations at theasuerf The former is usually called the
surface friction velocity, and in the classical similarégproach both, andd, are treated as
constants in the surface layer. In NWP models drag and heesfénarelations are used to calculate
the turbulent surface fluxes. In general the latter relatadepend on both mean state and turbulence
variables. The turbulence variables appear in the drag eatttansfer laws as stability functions
depending org. The equations become implicit { and the latter parameter therefore must be
calculated by iteration. Computational savings can be pbthif the drag and heat transfer relations
are made explicit by applying stability functions that odgpends on mean state variables. This is
done in for example the HIRLAM (High Resolution Limited Area N&l) model, where the stability
functions are dependent of a bulk Richardson number defined by

L= 1)

Ri = 20 @
V

T

wherez, is some reference height above the surface (in NWP models thigeheight of the lowest

model level) AG = 0(z,) — 0o, 8y = B(z9), z0p the roughness length for temperature ahdhe
horizontal wind velocity at height = z,.
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Note that a dry (in the sense without water vapor) boundamrle considered here. The method
described in the next section can be generalized to incheleffect of water vapor below saturation.
This is done in section 6.

3. The method

Equation ( 2) can be rewritten as

: T — Po(C)
Ri=(——"2—, 3
RN OIE ©
wherex, = In j—o Xg = In ZZOYQ andz, andzqy are the roughness lengths for momentum and
temperature, respectively. The functions
¢
vu= [ (1= ding (4)
and
vo= [ (1—gn)ding ®
? Cot ’
are obtained by vertical integration (in terms(gfof the non-dimensional profile functions
kz O|V|
_ 6
QSU(C) Uy az ( )
and _
kgz 00
= — 7
w(Q) =45, ()

for a steady state, horizontally homogeneous surface.ldyeruniversal dependence of the
non-dimensional profile functions @nfollows from the similarity hypothesis that the mean state
vertical gradients of wind and potential temperature odgehd on the buoyancy parameter, the
height above the surface and kinematic surface fluxes of mameand sensible heat. This
hypothesis appears to be reasonable for the surface layfee efably stratified nocturnal PBL. If
generalized similarity, which includes the long-livedd&aPBL, is applied, the surface fluxes are
replaced by height dependent local fluxes and both the ingddloe Coriolis parameter and the
free-flow static stability must be considered. This makestbn-dimensional profile functions in
(6) and ( 7) more complex (Zilitinkevich and Esau, 2007c).

Based on results from field experiments, e.g. Wangara (Clarkie, ¢971) and Kansas and
Minnesota (Kaimal and Wyngaard, 1990) the following appr@tions have been widely used in
the stably stratified surface layer:

P9 =1+ anC, 9)
wherea,, anda;, are constant coefficients (e.g. Arya, 2001). Equation ( 8y thecomes

xg + an(¢ — Con) oo Tot anC
(20 + am(¢ — Co))? (2o + am()?

Equation ( 10) has the property thgapproaches infinity aRi approaches the critical number

Ri, = ay,/aZ,. Oftena,, = a;, = k - 5.0 have been used in ( 10), limiting the rangeRifto

Ri < Ri. = 0.2. However, in a surface layer with weak turbulence rath@mgfivertical gradients of
# can be maintained at low wind speeds such Hiat Ri.. In practice the parameterization of
turbulent surface fluxes is done such that the stabilitytions in the drag and heat exchange

Ri =

(10)
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relations decrease asymptotically to zerdrasr ¢ go towards infinity. It is a weakness of this
approach that the proposed stability functions are rattiéwog. Is there a better fit to observational
data in the stably stratified surface layer than that give(&)yand ( 9)? Several researchers have
addressed this question. Zilitinkevich and Esau, 2007a pasposed to replacg in (9) with
an(C) = a1 + 2ap2(. This was done using a generalized stability parameterniduification
changes ( 10) to
Ri = Tt amC+ and
7 =

(370 + amC)2

(11)

Rearrangement leads to
¢*+ A+ B¢+ C =0, (12)

whereA = (a,; — a2 Ri)/ap, B = (x¢ — 2a,%x0R1)/ay, andC = —xZRi/ay,, are real coefficients
depending omki and/orxy andxg.

4. Solution of the cubic equation

The character of the tree roots of ( 12) for any given comimnatf Ri, x, andx, depends on the
discriminantD = Q? + P2, where
3B-A

? 9

(13)

and

9AB — 27C — 2A3
54 '

If D > 0, (12) has one real root and two conjugate complex roofS. 4f 0 there are three unequal
real roots and iD = 0 at least two of these roots are equal. Sigice 0 in stable stratification, valid
real roots must be positive. The tree ro¢ts(; and(s in ( 12) satisfy the equations

pP—

(14)

G+ G+ G=—A, (15)
G162 + G2G3 + (3¢ = B, (16)
(162G = —C. (17)

Table 1 shows how the roots in ( 12) depend on the signs of thifidentsA, B, C and the
discriminantD, as deduced from ( 15), ( 16) and ( 17). Note thas negative, whereas, B andD
may be either positive or non-positive.

Tablel: +/ — nr(n = 1, 2, 3) means positive/negative real rooisand2c means two conjugate
complex roots. + and - for the coefficients A,B,C and the dmstrant D means positive and
non-positive values for these quantities, respectively.

CASE|A  B|C| D ROOTS
1 +l+H| -t +1r, 2¢
2 +l+] - - +1r, -2r
3 -] -t +1r, 2¢
4 + -] -] - +1r, -2r
5 o B B +1r, 2¢
6 - |+ | - | - || ¥3ror+1r,-2r
7 - - -t +1r, 2¢
8 -l - - - +1r, -2r
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According to Table 1 there is only one real positive solufimn(, except in case 6. In the latter case
there may be multiple (either 1 or 3) positive real solutsdiof ¢, which means that a unique relation
between; andRi may possibly not exist for certain valuesi®f, x, andx,. This is illustrated in
Figure 1, where case 1 shows 3 positive solution within aeratlarrowRi-interval. A
parameterization based @i is unable to handle cases with multiple solutions¢foExclusion of
case 6 in Table 1 is a sufficient (but not necessary) conditioanly one positive root, i.e. for a
unique relation betweeRi and(¢. CoefficientA changes sign &ti, = ay;/a,,* and coefficienB
changes sign &iy, = x/2a.,, Wherey = x4/x,. The most simple sufficient condition is therefore to
let x, be constrained by the conditidti, > Riy, or xy < 2ay;/a.,, Which eliminates cases 5 and 6 in
Table 1. It can be noted that formal restrictionsyodisappears ifi,; = 2x/an,, but theoretical
support for taking this step is lacking. Zilitinkevich anddtl, 2007a, suggesteg, = 1.6, a2 = 0.1
anda,, = 2.0, yielding x < 1.6. The latter condition impliegy, > zy(zy/2.)°¢. The valuea,, = 2.0

is consistent with a maximum flux Richardson numberdi.2 in extremely strong stable
stratification. The latter has been determined from expanial large eddy simulations (LES) and
direct numerical simulations (DNS) (Zilitinkevich et &010).

It can further be noted that a non-unique solution of the &elgjuation disappearsfy in the
definition ofRi is replaced by, since the unique solution requirement thea,js> 1. In fact it
appears wrong to apply 3 levelg(, z, andz,) in the definition ofRi.

5. The parameterization

The proposed parameterization (withretained in ( 11)) is done in three steps. In the first gtep
calculated fronRRi by solving the third order equation ( 12) with the constraipt> zq(zq/z.)"°.
As discussed above the coefficient = 1.6 might alternatively be replaced by; = 2y/a,,. Then
x is free to be determined from physical arguments, but tleis shplies thaty,; no longer is a
universal constant. Figure 1 shows an example of the impatti@solution for, by the latter
change. In the shown case the effect is marginaRfiot: 0.6, but becomes substantial fRi > 0.7.
In the second step the kinematic surface momentum i, = u? is obtained from

= U
The x- and y-components of the the momentum flux become
. 2
ul, = (u = ) , (19)
V2l
. 2
= ( ) @0
V2l

The latter relations are valid, since turning of the meardwiuith height can be neglected in the
surface layer, where the Coriolis force is much smaller tharfictional force and the horizontal
pressure gradient force. Finally, in the third step the ikiagic surface sensible heat fluXs(,/pc,) is
calculated from ( 1). The main advantage of the proposecdhmetexization is that there is no need
for any surface drag and heat exchange relations involviagerar less ad hoc stability functions
that overcomes the critical Richardson number problem emteoed by applying ( 8) and ( 9). The
accuracy of the proposed parameterization depends on ¢hesay to which the non-dimensional
profile functions in ( 6) and ( 7) are determined and to therextee similarity hypothesis is valid.
The modifications of the non-dimensional profile functiomg¢ 6) and ( 7) suggested by

Zilitinkevich and Esau, 2007a appear to be a step forwardaenracy, since results - as those shown
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Figure 1: Case 1 (red) has a non-unique relationship between the ballaRison number and the
Monin-Obukhow stability parameter. Three positive san$ exists for, = z/L in the range from
Ri~ 0.73to Ri ~ 0.77. The case is rather extreme with= 3m, zgs = 0.3 mm andz, = 30 m.

Case 2 (blue) is a ’normal’ casg)(= 0.03m, zp9 = 3mm) and Case 3 (green) is as Case 1, except
replacement ofy,; = 1.6 with a,; = 2y/a,. In Case 1 and 3y = 4 and in Case 2y = 4/3.

in Figure 1 - at least qualitatively agrees with total tudmilenergy closure for the stably stratified
PBL (Zilitinkevich et al., 2007c). The non-physically basmahstraint orxy, that prevents multiple
solutions and thus guarantees a unique relation betweaadRi might be a disadvantage. However
this constraint only appears to be of concern over surfaddslavge roughness bluff elements, as
typical for urban areas. In this respect replacement,pf= 1.6 with a,; = 2x/a,, appears attractive
over a surface dominated by large bluff elements since amydb(non-physical) constraint ofy
disappears.

6. Generalization valid for the stably stratified unsaturat ed PBL

Moisture is taken into account by replaciégvith the virtual potential temperature

0, =0(1+ €q), (21)
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Figure 2: Monin-Obukhov stability parameter as function of the bRikhardson number for the
proposed parameterization (new) and the parameterizagipled in the operational DMI-HIRLAM
as briefly described in the Appendix (old). The wind speettiss—! at reference height = 30 m
andg = 1/30. Left: (a)zy = 0.03m andzgy = 0.003m, x = 4/3 and (b)zgs = 0.0003 m, x = 5/3;
Right: (a)zo = 0.3m andzgy = 0.03m, x = 3/2 and (b)zgs = 0.0003 m, x = 2.5.

whereq is specific humidity of moist aig = (mq/m,, — 1) = 0.61 andm, andm,, are the mean
molecular masses of dry air and water vapor, respectivélg. bukhov length now takes the form

ko (70/p0)*”
L,=———""" 22
T (22)
and the virtual bulk Richardson number is
, Ab,z.  Abz,
R'lv - B ‘—/;2 - ‘7;‘2 ; (23)

whereAb = b(z,) — by andb = 36,. The buoyancy fluxy, = 8Fy + geF,0, contains the
kinematic sensible heat flux at the surfdGg = SH/(c,po) and the surface moisture flux
Fy = Hp/(poL.). Hy = poc,d' W'y is the surface sensible heat flux aidg = poL.q'w’, is the
surface latent heat flux. In the lattey is latent heat of vaporization.

The similarity hypothesis for the surface layer is now tha&ttnean state vertical gradients of wind,
virtual potential temperature, potential temperature spetific humidity depend only on the hight
above the surface, the buoyancy parameter and the surfaes fifibuoyancy and kinematic
momentum.

Accordingly, the profile functions in ( 6) and (7) are repladsy

pu(c) = 22V (24)

Uy 02

and _ _
. kbz ob . k;bz 89v
gbb(Cv) — b* % — ev* 82«”
respectively. In (24) and ( 25), = z,/L, is a modified Monin-Obukhov stability parameter that
takes into account the influence of moisture and in (125% 36, andky, = ¢, (¢, = 0) corresponds

(25)
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toky in (7). Note that use df,, in ( 25) is valid ifky = k,, where the latter plays the same role in the

non-dimensional moisture profile &gin ( 7). As for the dry case,(¢,) = 1 + a,,¢, and

Yoy (&) =1+ amG + anaCy?. Noting thatF,, = b,u,, the virtual bulk Richardson number can then

be written

Ty + am o + analy’
(o + amy)?

which has the same form as (11) if it is further assumeddhat 2oy = 2o,, the latter implying

x, = r9 = x,. These assumptions have been widely used in NWP turbulemampterizations. For

a givenRi, the solution for(, is therefore the same as foin the dry case witiRi = Ri,. In

shifting from the dry to the moist case two additional steggsiavolved in the proposed

parameterization. Bott), and the kinematic surface momentum flux is obtained in theesaay as

for the dry case. In the third step the kinematic surface hooy flux is obtained from

Riv = Cv

, (26)

k:bu*?’
Fyo=——
b0 A Z

Co (27)

SinceFyy = Foo (8 + egF q0/Fo0) = Foo (5 +eg(q@, — qo)/ (0, — ?0)) the kinematic surface sensible

heat flux is calculated from
Fro

Fopo = — (28)
" B+ ge(@, — 9,)/ (0 — Oo)
in step four. Finally, in step five the surface moisture flugatculated from
qr _ 60
F,g = Fyo=——. 29
q0 60 OT _ 00 ( )

In (28) and (29), andq, are evaluated at the roughness heights for temperature aistLine,
respectively. If they instead are evaluated at the momenbuighness height, which means tkais
replaced by, in ( 11), the sensible heat flux at the surface is obtained lwngpthe cubic equation
for the dry @, = 0) Ri. Next the surface buoyancy flux is obtained by solving thacauation for
the moistRi, and finally the surface moisture flux can be calculated frioenbuoyancy and sensible
heat flux.

7. Conclusions

A new method for calculation of turbulent surface fluxes ofmemtum, sensible heat and moisture
has been developed for the stably stratified PBL. The methioased on calculation of the
Monin-Obukhov stability parameter (L.) from the bulk Richardson numbeR{). The method
requires solution of a cubic equation. In order to avoid pldtsolutions it is necessary to constrain
the temperature (and moisture) roughness in such a wayhiatrt case of a constaag; = 1.6

must be larger than a certain fraction of the momentum roeghnThis constraint disappears if the
constanty,; is replaced byy,; = 2x/a,, or if the temperature and specific humidity both are
calculated at the momentom roughness height in the bulk Risba number for the lowest model
layer. One advantage of the proposed method is that it maeesfuecently adjusted
non-dimensional profile functions for wind and temperattakd for the horizontally homogeneous
surface layer. The latter functions have been obtained stditseto observational data as well as data
obtained from Large Eddy Simulation (LES) and they have [&envn to be at least qualitatively
consistent with total turbulent energy closure for the Ist&BL. A second advantage is that an
intermediate step involving drag and exchange coefficisrdasoided. The latter coefficients are
usually specified as functions of eithefl. or Ri, but to the author’s knowledge consistency with the
adjusted non-dimensional profile functions has so far nehlm®nsidered. In fact, it is shown that
the new method and the more traditional method applied in-BIMRLAM (briefly described in the
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Appendix) gives significantly different relations betwegh. andRi, particularly at largeRi,
characterizing the weak mixing regime in stable stratifccatFurther, the proposed method appears
to be computationally more efficient. This becomes an issst@bility dependent displacement
height and momentum roughness are introduced in the suttacparameterization, since the latter
step implies an iterative solution for the surface fluxes.

Appendix
In the operational NWP model at DMI (DMI-HIRLAM, Sass et al. (20)the kinematic surface
fluxes are calculated by using B

Fyo =wo = C,A5|V], (30)
wherey = u,v, 0, q andC, are drag/exchange coefficients specified as

¢ = Crom (1 IR Z) s.. (31)

20t 20

S, are stability functions depending on the bulk RichardsonemThe stability function for the
velocity components (momentum) is

a,, Ri -1

Sy=8,=[1+ ——— | |, (32)
(1+ by, Ri)""*

and for sensible heat and moisture

-1

So =Sy = (1+ apRi(1+ byRi)"/?) (33)

Cun = (k/Inz,/20)? is the neutral drag coefficient and the the constants havesibes
am = ag = 10.0 andb,, = by = 1.0.
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