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Abstract
A generalized thunderstorm index based on parcel lifting from the lower and middle
troposphere is described. The index requires calculation of tropopause pressure and
vertical proﬁles of wet bulb potential temperature and wet bulb potential temperature
at saturation. A simple method to estimate tropopause pressure from the vertical
temperature proﬁle is described and fast convergence iteration algorithms to calculate
the wet bulb proﬁles are developed. Case studies indicate that the thunderstorm index
performs better in mountain areas than the simpler K-index based on temperature and
dew point temperature at ﬁxed pressure levels. Over land without large mountains
high values of the thunderstorm index tends to occur in regions that are more narrow
than the regions of corresponding high values of the K-index. Over sea the opposite
tends to be the case. However, the case studies do not provide reliable statistics to
show whether the thunderstorm index generally performs better than the K-index.
Extended-period veriﬁcation with inclusion of lightening data is required to obtain
more reliable statistics.

1. Introduction
It is of signiﬁcant socio-economic value to be able to predict extreme weather such
as severe winds, storm surges, heavy rain, extreme temperatures (including freezing
temperature) and low visibility hours in advance. At least two lines of development can
be followed. One is development of now-casting tools for these parameters. The second
is development of prognostic or diagnostic extreme weather tools in a numerical weather
prediction model or in a post processing step.
Now-casting of extremes aims at predicting them 3 to 6 hours in advance, while
numerical models are more suitable beyond this range, although growing forecast errors
resulting from analysis errors and model errors become of increasing concern as the
forecasting lead time increases. The present report documents a generalized thunderstorm index developed for DMI-HIRLAM. The instability index displays regions of the
troposphere with a high probability of thunderstorm developments.
The model performs a calculation of convective precipitation based on a parameterization scheme for convection. The intensity of convective precipitation in the model
could therefore be used as an indicator of thunderstorms. The drawback is however, that
such an indicator depends heavily on the applied convective parameterization scheme.
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It was therefore decided to develop a generalized thunderstorm index that was not directly dependent on the convection scheme. This new instability index, which is based
on calculation of tropospheric model proﬁles of wet bulb potential temperature (θw ) and
wet bulb potential temperature at saturation (θws ), is considered to be an alternative
to simpler instability indices that have been widely used for a long time. The most
commonly used simpler indices are the K-index, the lifted index, the Showalter index
and the totals-totals index. The former three are based on parcel lifting from a speciﬁed
pressure level in or near the top of the boundary layer to a speciﬁed pressure level in
the upper-middle troposphere, typically 500 hPa. The totals-totals only makes use of
temperature and dew point temperature at 850 hPa and temperature at 500 hPa (see for
example Bluestein, 1993).
Section 2 contains a description of the new index, henceforth referred to as the
θw -index. The index is based on vertical proﬁles of wet bulb temperature, wet bulb
potential temperature and wet bulb potential temperature at saturation at the observed
temperature. Fast iteration algorithms utilized to calculate these proﬁles are described
in Appendix A-C. A description of a simple method to calculate the tropopause pressure
from the vertical temperature proﬁle is included in section 2. Examples of its performance are also shown. In section 3 the performance of the θw -index is compared with the
performance of the simpler K-index in selected case studies. Finally, section 4 contains
discussion and concluding remarks. Because of the considerable number of parameters
that appears in the present report a list of symbols is given in Appendix D.

2. The θw -index
The calculation of the θw -index is done in ﬁve steps. In the ﬁrst step the vertical proﬁle
of wet bulb temperature (Tw ) is calculated. This proﬁle is used in the second step as
input to a ﬁrst guess of θw in the calculation of the vertical θw proﬁle. In the third step
θw is used as input to the calculation of the vertical θws proﬁle. The tropopause pressure
is calculated in the forth step. Finally, in the ﬁfth step the θw -index is calculated, making
use of the previously calculated tropopause pressure and vertical proﬁles of θw and θws .
It turns out that a simple estimate of Tw can be used in the second step. Therefore the
calculation of the Tw proﬁle described in Appendix A is not a part of the generalized
thunderstorm index. However, for the sake of completeness and because the Tw ﬁeld
may be useful in other applications we have included Appendix A in the present report.

2.1. Calculation of tropopause pressure
The vertical variation of θw and θws in the stratosphere does not inﬂuence the instability index. Therefore the vertical proﬁles of θw and θws are only calculated for the
troposphere and lower stratosphere. Prior to the ﬁnal calculation of the θw -index this
procedure requires an estimate of the pressure pT at the tropopause. This is not easily
done unambiguously since ‘false’ tropopauses like sharp frontal zones and sharp inversions may be misinterpreted as the tropopause. The tropopause is calculated by going
downward from the top of the model atmosphere, pressure level by pressure level. In
each step the vertical temperature gradient c = ∂T /∂ ln p is calculated for 4 consecutive
layers. The temperature gradients are compared with c0 =38.2 K, which is the gradient
giving approximately a vertical temperature proﬁle on a skew T-ln p diagram (e.g. Hess,
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1966). First time the temperature gradient in the third of the four layers (from above)
is larger than c0 the tropopause pressure is calculated by log-linear interpolation of the
temperature proﬁles in the ﬁrst and third layer. If the second and third layer has a
temperature gradient larger and smaller than c0 , respectively, then the tropopause pressure is obtained by log-linear interpolation of the temperature proﬁles in the ﬁrst and
fourth layer. If no tropopause has been detected or the calculated tropopause is above
100 hPa the tropopause pressure is by default set to 100 hPa. Figure 1 shows examples of
tropopause pressure in DMI-HIRLAM-E in a winter, spring, summer and autumn case.
The tropopause pressure in this ﬁgure is calculated by utilizing the method described
above. Generally there is good agreement between the calculated tropopause pressure
and the tropopause pressure estimated from observed vertical proﬁles of temperature
and dew point temperature. For the January case we compare the predicted tropopause
pressure (Figure 1a) with two NOAA satellite images shown in Figure 2. The images
were taken approximately at the verifying time of the forecast in Figure 1. The comparison shows qualitatively good correspondence between the predicted tropopause pressure
and the cloud patterns shown by the satellite images. In the interpretation of the satellite
images one should be aware of the following: Cold stratiform frontal clouds (white and
relatively smooth) tend to be present on the anticyclonic shear side of upper-tropospheric
jet streams with a downward sloping tropopause (increasing tropopause pressure) to the
left of the ﬂow direction. Polar tropospheric air tends to be capped by a relatively low
tropopause. During winter convective clouds develop in cold polar air masses that are
being advected over open sea. The convective clouds are often organized in open cells
or cloud streets or in case of signiﬁcant upper-level forcing in comma-shaped bands.
Consequently, regions with these types of clouds over open sea and downstream coastal
land, are likely to have a relatively low tropopause.
Note that the predicted high tropopause pressure southwest of Iceland and northwest
of Portugal/Spain (Figure 1a) both are regions where the satellite image (Figure 2, left)
shows convective clouds organized in open cells and comma clouds. Note also that the
comma cloud system over Denmark (Figure 2, right) coincides with an area of high
tropopause pressure predicted by DMI-HIRLAM-E (Figure 1a). Heavy snowfall was
produced by this cloud system. In the Copenhagen-area the ground became covered
with about 40 cm of snow.
Over wintertime continents the relationship described above between high tropopause
pressure and convective clouds does not exist. The high tropopause pressure predicted
over the western part of Russia must therefore be veriﬁed by other means. Temperature
soundings at 00 UTC on 6 January indicate tropopause pressure down to 500 hPa in
this area (ﬁgure not shown), which is in good agreement with the predicted tropopause
pressure.

2.2. The generalized thunderstorm index
The θw -index is based on parcel lifting from levels with a pressure larger than pc =
ps − ap (ps − pT ). In the latter expression pc is a ”critical” pressure level above which
parcel lifting is unlikely to generate thunderstorms, ps is the surface pressure and pT is
the tropopause pressure. Presently ap = 0.6.
For each lifting level pi , i=1,..,k, the vertical integral from pi to the pressure level
3

Figure 1: DMI-HIRLAM-E forecasts of the tropopause in hPa for (a): a winter case (18
hour forecast from 00 UTC 5 January 2003), (b): a spring case (12 hour forecast from
00 UTC 21 March 2003), a summer case (6 hour forecast from 12 UTC 23 June 2003)
and an autumn case (18 hour forecast from 00 UTC 20 September 2003)
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Figure 2: NOAA infrared satellite images. Left: 12.21 UTC 5 January 2003 and right:
14.02 UTC 5 January 2003.
p (p )−θ e (p) is calculated. Here k is the number of lifting levels,
pimax of the diﬀerence θw
i
ws
p
e (p) is the saturation wet
θw (pi ) is the wet bulb potential temperature of the parcel, θws
bulb potential temperature of the environment and pimax is the pressure level above pi ,
where

Ii (p) = −

 p
pi





p
e
θw
(pi ) − θws
(p ) · dp



(1)

has its maximum value
Iimax = −

 pimax 
pi







p
e
θw
(pi ) − θws
(p ) · dp .

(2)

The procedure is illustrated schematically in Figure 6. The maximum value Imax of
Iimax , i=1,..,k, is determined together with the corresponding lifting pressure level pmax
and the pressure level pb . The latter is the ﬁrst pressure level above pmax , where
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Figure 3: Top row: DMI-HIRLAM-E forecasts of the θw -index (nondimensional) for left:
23 June 2003 (6 hour forecast from 12 UTC 23 June) and right: 21 September 2003 (18
hour forecast from 12 UTC 20 September). Bottom row: DMI-HIRLAM-E forecasts of
the K-index (unit K) for left: 23 June 2003 (6 hour forecast from 12 UTC 23 June) and
right: 21 September 2003 (18 hour forecast from 12 UTC 20 September).
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Figure 4: NOAA infrared image from 04.16 UTC 21 September 2003.
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(a)

(b)

Figure 5: Synop observations of ’weather’. Top: 18 UTC 23 June 2003. Bottom: 06
UTC 21 September 2003.
8

200

220

240

260

280

p re ss u re (p a )

30000

300

tro p o p a u s e

30000

40000

40000

50000

50000

6w s

6w

60000

Td

T

60000

I

70000

70000

ice

80000

90000

100000

80000

90000

liftin g le v e l, p m ax
276

280

100000
284

288

292

296

te m p e ra tu re (k)

Figure 6: Proﬁles of temperature (T ), dewpoint temperature (Td ), wet bulb potential
temperature (θw ) and wet bulb potential temperature at saturation (θws ). Vertical
scale is pressure (hPa) and temperature scales (K) at bottom and top are for wet bulb
potential temperature and temperature, respectively. Dashed lines show pressure at
lifting level (pmax ), freezing level (ice) and tropopause level. Shaded area I corresponds
to Imax in equation (2).
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Figure 7: Same as Figure 3, but with a detailed view over Denmark.
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Figure 8: Lightening data from Denmark. Left: 16 to 18 and 18 to 20 UTC 23 June
2003. Right: 04 to 06 and 06 to 08 UTC 21 September 2003.

11

-10-0

0-2

2-4

(a) 105/ 49/ 2

4-6

6-7

7-8

8-8.5

8.5-9

9-9.5

9.5-10

-1000-15 15-16

OE- 2003010500+018

16-17

17-18

18-19

(b) 105/ 50/ 2

55N

19-20

20-21

21-22

22-23

23-24

OE- 2003010500+018

55N

5E

10E

15E

5E

10E

15E

Figure 9: Left: θw -index and right: K-index for a 18 hour DMI-HIRLAM-E forecast
valid 18 UTC 5 January 2003. Note that the K-index scale is diﬀerent from the scale in
Figure 3 and Figure 5.

Imax (pb ) = −

 pb
pmax

p
e
(θw
(pmax ) − θws
(p)) · dp ≤ 0.

(3)

If (3) is not satisﬁed for pmax ≥ p ≥ pT it is assumed that pb is the ﬁrst pressure level
above pT . The θw -index, Iθw , is ﬁnally calculated by the (heuristic) equation


Iθw = exp −d1 · (zi + d1 )−1



(4)

if both Imax and ∆θwmax are positive and by
Iθw = exp (zi − 1.)

(5)

if Imax ≤ 0. Note that Iθw takes values in the interval [0,1]. In equations (4) and (5)
1

zi = ∆θwmax · Imax · (sa · sb ) 2 /(∆p · ∆T 2 )

(6)

is a nondimensional parameter. In (6) ∆θwmax is the the maximum of the diﬀerp (p
e
ence θw
max ) − θws (p) in parcel lifting from pmax , ∆p = 500 hPa and ∆T = 0.2 K
are tentative scaling constants and sa = (pmax − min(pmax , pice ) + 0.1∆p)/∆p and
sb = (pmax − pb )/(ps − pT ). In the sa -expression pice is the pressure at temperature
Tice =268.16 K at which ice crystals are likely to be present in the convective cloud. The
value Tice = 268.16 K is tentative. In reality Tice varies with a number of parameters,
for example cloud top temperature, cloud type, cloud age and geographical location.
For given values of Imax and ∆θwmax the factor (sa · sb )0.5 has the eﬀect of increasing the probability of thunderstorms if the depth of the convective cloud (measured by
12
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pmax − pb ) is large and if the depth of the cloud fraction with temperature above Tice
(measured by pmax − min(pmax , pice ) + 0.1∆p is large. Presently d1 = 0.1. Equation
(6) also shows that the nondimensional parameter zi is proportional to ∆θwmax and
Imax . If ∆θwmax < 0, Iθw is set to -1.0. This occurs if the troposphere is stable with
respect to parcel lifting from pressure levels below pc . Note that this procedure implies
that the θw -index does not account for moist symmetric instability, which occasionally
occurs in regions with rapid extratropical cyclogenesis (e.g. Dixon et al., 2002). The
same holds for the K-index. Note also that the θw -index, as deﬁned by (4) and (5), has
values in the interval [0,1]. Values at the upper and lower end of the interval means
high and low probability of thunderstorms, respectively. The θw -index has a stronger
physical foundation than the simpler K-index, but this does not automatically guarantee a better performance of the θw -index. The K-index has dimension of temperature
and can take values in a broad interval. If the index is below 26 K thunderstorms are
considered unlikely. A K-index above 30 K is often interpreted as high probability of
thunderstorms.

3. Case studies
Three case studies are performed with the purpose of illustrating the behavior of the
θw -index and compare its performance with the performance of the simpler K-index.
The latter index is deﬁned: Ki = T850 − T500 + Td850 − T0 − (T700 − Td700 ). Here Td
is dew point temperature and the subscript numbers denote pressure level in hPa. Ki
usually gives good guidance in thunderstorm forecasting, although it has problems in
mountain regions and generally (according to our experience) has a tendency to display
too large areas with a high risk of thunderstorms. The ﬁrst case is from 23 June 2003
(C1), the second case is from 21 September 2003 (C2) and the third case is from 5
January 2003 (C3), i.e. in the middle, towards the end and outside the thunderstorm
season in northern Europe. Figure 3 shows the θw -index and the K-index for the entire
integration domain (including the boundary zone) of DMI-HIRLAM-E in C1 and C2.
Figure 3 hows a tendency for extensive regions with high values of the θw -index
in sections of the boundary zone with inﬂowing air. The reason for this behavior has
not been investigated. So far the hypothesis is that the problem mainly is generated
by diﬀerences in the moisture ﬁelds of the nested models DMI-HIRLAM-G and DMIHIRLAM-E. The K-index is less sensitive to humidity, and according to Figure 3 there is
no sign of any signiﬁcant deterioration of the K-index in the boundary zone. Indirectly,
this supports the hypothesis given above.
Comparison of the stability indices with observations and satellite cloud images
indicates that the K-index tends to display too large regions with a high probability
of thunderstorms, particularly in mountain areas. Figure 3c is a typical example. In
comparison, the regions with high probability of thunderstorms shown by the θw -index
are narrow and usually more discontinuous in space.
At any given time thunderstorms tend to occur in narrow regions and often also
discontinuous in space. This makes veriﬁcation of the instability indices against synop
observations very uncertain because of the large distances (in some regions several hundred kilometers) between the observations. Over sea the observations are so few that
thunderstorms rarely are reported. Veriﬁcation of the instability indices over sea, based
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on surface observations, is therefore of little value.
Despite of the coarse resolution of surface observations over land the resolution is
high enough to show a signiﬁcant correlation between areas with observed thunderstorms
and areas with predicted high values of the instability indices. Figure 3 and Figure 5
show that the correlation over land is good for both stability indices, but as previously
noted, with a tendency for the K-index to have too large areas with high instability, in
particular in mountain areas (Spain and Tunisia in Figure 3). Both in C1 and C2 the θw index in these areas appears to be in better agreement with the available observations.
For the shown cases high values of Iθw over sea covers larger areas than corresponding
high values of the K-index. In C2 lightening observations (Figure 5b) oﬀ the west coast
of Portugal show that thunderstorms are present in the area. The best guidance appears
here to be given by Iθw (Figure 3c).
Occasionally the θw -index shows clear frontal structures as in Figure 3c. The frontal
structures are also seen in the K-index if the interval from 10 to 25 K is resolved in a
color spectrum similar to the interval 26 to 40 K in Figure 3d. Note also that the location
of the band with high values of Iθw is in good agreement with the satellite cloud image
in Figure 4. It is not unlikely that thunderstorms develop along the sharp cold front
southeast of Iceland and in the spiral cloud band southwest of Ireland. Unfortunately,
no observations are available for veriﬁcation. An interesting feature of the cold front
southeast of Iceland is the sharp downward slope of the tropopause along the polar air
side of the front. The slope is clearly shown in Figure 1d. It is most likely a manifestation
of a tropopause fold on the cyclonic shear side of the polar jet.
Lightening data is available over Denmark. This type of information has a high
space and temporal resolution and is therefore valuable in a veriﬁcation of the instability
indices. For veriﬁcation purposes an enlargement of Figure 3 with focus over Denmark is
shown in Figure 7. In Figure 8 lightening data is shown for the cases C1 and C2, covering
a time window of minus and plus 2 hours around the veriﬁcation times of the forecasts
in Figure 7. In C1 both instability indices have high values (i.e. high probability of
thunderstorms) in the regions with large numbers of lightening detections. Prior to 18
UTC the lightening detections within the area shown by ﬁgure 7 are concentrated in
two regions. A similar separation is also seen in the instability indices in Figure 8a and
b. After 18 UTC the lightening detections show that the thunderstorms develop more
continuously in space along a cold front of a small-scale extratropical cyclone entering
its mature stage. The latter is revealed in a detailed study of the case C1 in Nielsen,
2003.
Apparently both the θw -index and the K-index show areas with ”false alarms”, i.e.
spots with relatively high values of the indices where no lightening has been detected.
However, one should keep in mind that the instability indices are based on parcel lifting.
If the dynamical lifting is absent the instability indices may be relatively high without
any thunderstorm development.
In case C2 both instability indices give warnings about thunderstorms, although
the areas with high instability values (Figure 7c and d) are slightly out of phase with
the lightening detections (Figure 8c and d). Note that both the number of lightening
detections and the values of the instability indices are smaller than in C1.
In case C3 the θw -index (Figure 9a) shows spots with moderately high values (0.6 to
0.8), giving indication of a weak possibility of thunderstorms. The K-index is nowhere
14

above 19 K (Figure 9 b), indicating no possibility of thunderstorms. Actually, at 18
UTC one report of thunderstorms was given and one lightening was detected (at the
North Sea coast of Germany).

4. Discussion and conclusion
The present report describes the θw -index, which is a generalized instability index, displaying areas within the model domain with a high probability of thunderstorms. The
θw -index is based on calculation of vertical proﬁles of θw and θws . Fast converging iteration algorithms were developed for calculation of these proﬁles. The θw -index also
required an estimate of tropopause pressure. The latter was calculated by log-linear
interpolation on the basis of temperature gradients in four consecutive layers in a ln p-T
plane. In selected case studies the estimated tropopause pressure was shown to be in
good agreement with observations or, if only few or no observations were available, in
good qualitative agreement with satellite cloud images.
The performance of the θw -index has been compared with the performance of the
simpler K-index for the same case studies. In mountain regions evidence for a better
performance of the generalized instability index was noted. Over land without mountains
the case studies indicated that the two indices performed equally good, except for a clear
tendency of the K-index to show too extensive regions of high values. Due to a general
lack of observations over sea it was not possible to make a veriﬁcation of the indices
there. However, it was noted that the θw -index tended to display larger areas with high
values than the K-index. In one of the cases reports about thunderstorms over sea were
in favor of the θw -index.
Only extended-period veriﬁcation (one year as a minimum) of the instability indices
can give reliable statistics about their performance. A good spatio-temporal resolution
of the observations is essential. This requires use of other data sources than synop observations. One such source is lightening data, which has high saptio-temporal resolution
and large areal coverage. It is the plan to utilize lightening data from the Danish area in
a veriﬁcation of the instability indices and report about the results for 2004 at the end
of the year. It is desirable (and the next goal) to extend the veriﬁcation to a European
or lager scale, but this requires as a minimum that lightening data from the European
area becomes easily accessible.

Appendix A. The Tw proﬁle
The air is cooled if liquid water or ice evaporates at constant pressure into unsaturated
air. If cooling is allowed to continue until the air is saturated, the temperature of the
air has dropped to the wet bulb temperature Tw . This temperature can be measured
by ventilating a thermometer whose sensing bulb is kept wet by a piece of damp cloth.
Since the process is isobaric, the total speciﬁc enthalpy (or moist speciﬁc enthalpy) of
the air-water system is kept constant. The total speciﬁc enthalpy k is (Emanuel, 1994)
k = (cpd + rt cl )T + Lv r.
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(7)

Here cpd and cl is the heat capacity of dry air and liquid water at constant pressure,
respectively, rt is the total water content, r and T is the mixing ratio and temperature
of the ambient air, respectively, and Lv is the latent heat of vaporization. The enthalpy
of the ambient air and the air cooled to saturation by evaporation, as described above, is
(cpd + rt cl )T + Lv (T )r and (cpd + rt cl )Tw + Lv (Tw )r∗ (Tw ), respectively. The total water
content rt at saturation must be the sum of the mixing ratio r of the ambient air and
the amount of water that has been evaporated into the air. At saturation we therefore
have rt = r∗ (Tw ), where r∗ (Tw ) is the saturation mixing ratio at temperature Tw . Since
the total speciﬁc enthalpy is conserved in the considered process we then have
[cpd + r∗ (Tw )cl ] · (T − Tw ) = Lv (Tw )r∗ (Tw ) − Lv (T )r(T ).

(8)

This is an implicit relation for Tw given T and r, which must be solved by iteration. For
this purpose we deﬁne
F (Tw ) = (T − Tw ) · (cpd + r∗ (Tw )cl ) − Lv (r∗ (Tw ) − r(T )),

(9)

and
x=

e∗ (Tw )
,
p

(10)

where e∗ (Tw ) is the saturation vapor pressure at Tw . Note that the variation of Lv with
temperature has been neglected in (9). In the iteration procedure we substitute Tw by
Tw + δTw in ( 9) and repeat this step until F (Tw + δTw ) < 0 , where 0 is a speciﬁed
small number ( 1). The increment δTw is obtained from a linear approximation to
F (Tw +δTw ) = [T −(Tw −δTw )]·(cpd +r∗ (Tw +δTw )cl )−Lv ·(r∗ (Tw +δTw )−r) = 0. (11)
We use Teten’s formula for e∗ (Tw ), i.e.
e∗ (Tw ) = a1 · exp(

Tw − T 0
· a2 ).
T w − a3

(12)

In ( 12) a1 =610.78 Pa is the water vapor saturation pressure at the water freezing temperature T0 = 273.16 K, and a2 and a3 are constants changing value at T0 . For T < T0 ,
a2 =21.875 and a3 =7.66, and for T ≥ T0 , a2 =17.269 and a3 =35.86.
r∗ (Tw ) = 

e∗ (Tw )
;  = 0.622
p − e∗ (Tw )

(13)

and (10) we have
r∗ (Tw + δTw ) = 

x + δx
δx
≈ r∗ (Tw ) + 
.
1 − (x + δx)
(1 − x)2

(14)

A relation between the increments of δx and δTw is obtained from Teten’s formula (12).
From
ln(e∗ (Tw )) = ln(a1 ) +

Tw − T 0
· a2 = ln(p · x)
T w − a3
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(15)

and
ln(e∗ (Tw ) + δTw ) = ln(a1 ) +

Tw − T0 + δTw
δx
· a2 = ln(p · x(1 + ))
Tw − a3 + δTw
x

(16)

we get
Tw − T0 + δTw
Tw − T 0
δx
· a2 −
· a2 = ln(1 + ).
Tw − a3 + δTw
T w − a3
x

(17)

If the left hand side (lhs) of (17) is approximated by
lhs ≈ δTw a2 (T0 − a3 )(Tw − a3 )−2

(18)

and the right hand side (rhs) of (17) is approximated by
δx
x

(19)

δx(Tw − a3 )2
.
xa2 (T0 − a3 )

(20)

rhs ≈
we obtain
δTw =

Substitution of (14) and (20) into (11) yields
δTw = F (Tw )(f1 + f2 )−1

(21)

where
f1 = [a2 (T0 − a2 )(Tw − a3 )−2 r∗ (Tw )(1 − x)−1 cl (

Lv
+ Tw − T )]
cl

(22)

and
f2 = cpd + r∗ (Tw )cl .

(23)

Tw = wT + (1 − w)Td ,

(24)

As a ﬁrst guess of Tw we use

where Td is the dew point temperature and the weight w is deﬁned as




210
, 0.5), 0.98 .
w = min max(
T

(25)

The iteration procedure usually requires 1 to 3 iterations for convergence with an accuracy 0 = 10−3 .

17

Appendix B. The θw proﬁle
Calculation of this proﬁle is based on Bolton’s formula for pseudo-equivalent potential
temperature θep (Bolton, 1980: Emanuel, 1994), which is


θep

p0
=T
p

κ(1−0.28r)





3376
· exp r(1 + 0.81r)
− 2.54
T∗



.

(26)

In (26) κ=Rd /cp =0.2854, p0 =1000 hPa and T ∗ is approximated by
T∗ =

2840
+ 55.
3.5 · ln(T ) − ln(e) − 4.805

(27)

T ∗ is the saturation temperature and e is the partial vapor pressure. For a given temperature, pressure and mixing ratio of an air parcel, T ∗ is the temperature the parcel
attains in adiabatic expansion to saturation (occurring at the saturation pressure p∗ ).
The wet bulb potential temperature of an air parcel (with θep determined by (26)) is
obtained by moving the air parcel pseudo-adiabatically (i.e. with conservation of θep )
to the reference pressure p0 = 1000 hP a. From (26) we obtain


θep = θw · exp r (1 + 0.81r )



3376
− 2.54
θw



,

(28)

where r = r∗ (T = θw , p0 ). Equation (28) is solved by iteration. Before the iteration is
done we take the logarithm of (28) and deﬁne


B(θw ) = ln(



θep
3376


) − r (1 + 0.81r )
− 2.54 = 0.
θw
θw

(29)

The iteration is done by substituting θw with θw + δθw in (29) and repeating this step
until B(θw +δθw ) < 0 . A new value of the increment δθw is obtained from a linearization
of B(θw + δθw )=0. The linearization leads to
δθw =

(θw

−1

B(θw )
,
+ g1 g2 − g3 )

(30)

where
g1 =  · x0 · a2 (T0 − a3 )(1 − x0 )−1 · (θw − a3 )−2 ,
g2 =

3376
− 2.54 + 1.62x0 (1 − x0 )−1 ,
θw

g3 = 3376x0 (1 − x0 )−1 (1 + 0.81x0 (1 − x0 )−1 )θw −2

(31)
(32)
(33)

and x0 = e∗ (θw )p0 −1 . As a ﬁrst guess of θw we use θw = Tw π(p)−1 , where π(p) =
α
−1
(pp0 −1 ) and α = κ(exp(pp0 −1 + δ)) . For p >250 hPa and p ≤ 250 hPa we use δ=0.05
and 0.20, respectively. The iteration procedure usually requires 1 to 3 iterations for
convergence with an accuracy 0 < 0.001. It was found by experimentation that the
convergence was practically equally fast by applying a ﬁrst guess based on the simpler
estimate of Tw in (24) instead of using the more accurate Tw obtained from (11). For
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this reason the generalized instability index does not contain the iterative calculation of
Tw described in Appendix A. However, this appendix has been retained in the present
report for the sake of completeness and because an accurate Tw ﬁeld may be useful in
other applications.

Appendix C. The θws proﬁle
The vertical proﬁle of θws is calculated similar to θw . The pseudo-equivalent potential
temperature at saturation θeps is calculated from (26) with T ∗ = T , p∗ = p and
r = r∗ (T ∗ , p∗ ), i.e.


θeps = T

p0
p

κ(1−0.28r∗ )



· exp r∗ (1 + 0.81r∗ )



3376
− 2.54
T



.

(34)

Similarly


θeps



3376
= θws · exp r (1 + 0.81r )
− 2.54
θws






,

(35)

where r = r∗ (θws , p0 ). Again this equation must be solved by iteration. This is done
by using (28) to (33) with θw , θep , δθw and x replaced by θws , θeps , δθws and xs =
−κ
if p = ps ,
e∗ (θws )p−1 , respectively. As a ﬁrst guess of θws we use θws = T (pp0 −1 )


1/2
∗
−1
otherwise θws = θw + (T − Tw )r r
with Tw given by (24).

Appendix D. List of symbols
• a1 =610.78 Pa, water vapor pressure at T = T0
• a2 =21.875 if T < T0 , else a2 =17.269
• a3 =7.66 if T < T0 , else a3 =35.86
• α = κ(exp(pp0 −1 + δ)−1 )
• ap =0.6, constant in expression for ”critical” pressure pc
• c = ∂T /∂ ln p: Vertical temperature gradient on lnp-T diagram (K)
• c0 = 38.2: Gradient of a vertical temperature proﬁle on a lnp-T diagram (K)
• cl : Speciﬁc heat capacity of liquid water at constant pressure (Jkg−1 K−1 )
• cpd : Speciﬁc heat capacity of dry air at constant pressure (Jkg−1 K−1 )
• d1 = 0.1: Constant in the θw -index.
• δ=0.05 if p > 250 hPa, else δ=0.20
• ∆p = 500: Scaling pressure ( hPa)
• ∆T = 0.2: Scaling temperature ( K)
p (p
e
• ∆θwmax : Maximum of diﬀerence θw
max ) − θws (p)
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• e: Water vapor pressure ( Pa)
• e∗ : Water vapor pressure at saturation ( Pa)
• =0.61
• 0 : Accuracy of iteration
• f1 = [a2 (T0 − a2 )(Tw − a3 )−2 r∗ (Tw )(1 − x)−1 cl ( Lclv + Tw − T )]
• f2 = cpd + r∗ (Tw )cl
• g1 =  · x0 · a2 (T0 − a3 )(1 − x0 )−1 · (θw − a3 )−2
• g2 =

3376
θw

− 2.54 + 1.62x0 (1 − x0 )−1

• g3 = 3376x0 (1 − x0 )−1 (1 + 0.81x0 (1 − x0 )−1 )θw −2
• Ii =


p  p


e
pi θw (pi ) − θws (p ) · dp ( K Pa)

• Iimax =


 pimax  p
e (p ) · dp ( K Pa)
θw (pi ) − θws
pi

• Imax : Maximum of Iimax , i=1,..,k




• Iθw = exp −d1 · zi −1 : θw -index
• k: Speciﬁc enthalpy (Jkg−1 )
• Ki = T850 − T500 + Td850 − T0 − (T700 − Td700 ): K-index ( K)
• p: Pressure ( Pa)
• p0 = 105 : Reference pressure ( Pa)
• pb : First pressure level where Ilmax ≤ 0 ( Pa)
• pc : ”Critical” pressure in parcel lifting ( Pa)
• pi : Lifting pressure level i ( Pa)
• pmax : Lifting pressure level where I = Imax ( Pa)
• pimax : Level with maximum value of Ii (p) =
• ps : Surface pressure ( Pa)
• p∗ : Saturation pressure ( Pa)
• pT : Pressure at the tropopause ( Pa)
• Rd : Gas constant of dry air (Jkg−1 K−1 )
• r: Mixing ratio (kgkg−1 )
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p  p
e (p · dp ( Pa)
θ
(p
)
−
θ
w i
ws
pi

• rt : Total water content (kgkg−1 )
• r∗ : Saturation mixing ratio (kgkg−1 )
• sa = (pmax − min(pmax , pi ce) + 0.1)∆p/∆p
• sb = pmax − pb )/(ps − pT )
• T : Absolute temperature ( K)
• T0 =273.16: Freezing temperature ( K)
• Td : Dew point temperature ( K)
• Tice =268.16: Temperature at which ice crystals are present in clouds ( K)
• Tw : Wet bulb temperature ( K)
• T ∗ : Saturation temperature ( K)
• θw : Wet bulb potential temperature ( K)
• θws : Saturation wet bulb potential temperature ( K)
• θep : Pseudo-equivalent potential temperature ( K)
• θeps : Saturation pseudo-equivalent potential temperature ( K)
• w: Weight function
• x = e∗ (Tw )p−1
• x0 = e∗ (θw )p−1
0
• xs = e∗ (θws )p−1
1

• zi = ∆θwmax · Imax · (sa · sb ) 2 /(∆p · ∆T 2 )
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