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�� Introduction

The goal of this lecture note is to give the reader a physical understanding of the basic
physics determining the evolution with time of the unsaturated atmospheric boundary
layer �ABL�� The ABL is usually in a turbulent state� basically as a result of dynamical
and thermodynamical instability� The former instability is related �but not uniqly� to
the socalled �no slip� condition at the surface� which means that molecular friction
forces the wind speed to zero at the surface�

The lecture note will not cover interesting� but rather complex topics like the cloudy
ABL� the horizontally inhomogeneous ABL� similarity theory for the ABL and its surface
layer� baroclinicity in the ABL� spectral aspects of turbulence� and higher order moment
equations governing the turbulent �ow with the turbulent kinetic energy equation as an
exception�

�� The Ekman spiral

The ABL is the bottom layer of the troposphere� It is of highly practical interest because
almost all human activity takes place in this layer� From a physical point of view it is
also meaningfull to speak about the ABL� In contrast to the free atmosphere� which
is the troposphere above the ABL� friction becomes a signi�cant force in the ABL�
One immediate consequence is that the wind becomes highly ageostrophic even for a
�ow without curvature� In the Northern Hemisphere �NH� the wind turns clockwise
with height in the ABL� giving rise to the �Ekman spiral�� This name has been given in
honour of its inventor Ekman� 	
��� and because the arrowhead of the wind vector when
drawn as function of height above the surface describes a spiral around the arrowhead
of the geostrophic wind vector� The latter is here considered to be constant with height�
i�e� the ABL is assumed to be barotropic� Complexity is added if the ABL is baroclinic
and consequently with a geostrophic wind varying with height� An �ideal� Ekman spiral
in the barotropic ABL is shown in Figure 	� The spiral is formed by the force balance
between the horizontal pressure gradient force� the �turbulent� friction force and the
Coriolis force� The former is constant with height �in a barotroic ABL�� while the
frictional force and the Coriolis force decreases and increases with height� respectively�
If the �ow in the ABL has curvature the centripetal force must be added to the list of
forces�

The force balance is illustrated in Figure � Note that the friction force is not in
general in the opposite direction of the wind� as shown in many text books� At the top
of the ABL the friction force becomes negligible� and in case of no curvature the force
balance is then reduced to the geostrophic balance�

	



��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

y

V
G

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
�����������������������

���������������������

x

U
G

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

��������
���������

����

��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
��
����������������������

���������������������

DIRECTION OF

PRESSURE GRADIENT

FORCE

����������������������������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������������������������

H

L

L � Up

����������������������������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������������������������

H � Down

����������������������������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������������������������

����������������������������������������������������������������������������������������������������������������������������������������������������������������������

������������������������������������������������������������������������������������������������������������������������������������
���
���
���
���
���
���
�

�����
������
�����
�����

�������������������������������������������������������������������������������������������������������������������������������������
���
���
���
��
���
���
�

�����
������
������
����

����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
����
������������������������

���������������������

���
���
���
���
���
���
���
���
���
���
���
��
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
������������������������

���������������������

���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
���
������������������������

���������������������

����
���
����
����
����
���
����
���
����
���
����
���
����
����
����
����
����
���
����
����
����
����
����
���
����
����
����
����
����
����
����
����
����
����
����
����
���
����
����
����
����
����
���
����
����
����
����
����
����
����
���
����
����
����
����
���
����
����
���
����
����
����
����
����
���
����
����
����
����
���
����
����
����
����
����
���
����
���
����
����
����
����
����
����
�����������������������

���������������������

�����
����
�����
�����
�����
�����
�����
����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
����
�����
�����
�����
�����
�����
�����
�����
�����
�����
����
����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
����
�����
�����
�����
������������������������

���������������������

�������
�������
�������
�������
�������
������
�������
�������
������
�������
�������
�������
������
�������
�������
������
�������
�������
�������
������
�������
�������
������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
�������
������
�������
������
�������
�������
�������
�������
������
�������
������
�������
�������
�������
�������
������
������
�������
�������
�������
�������
�������
�������
�������
������������������������

���������������������

���������������������
����������������������

�����������������������
��������������������

����������������������
����������������������

�����������������������
����������������������

��������������������
����������������������

��������������������
�����������������������

����������������������
����������������������

����������������������
��������������������

�����������������������
��������������������

����������������������
����������������������

������������������������������

��������������
�������

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
��������

��������
����� ����

��
���

���
��
���

���
���
��

���
���
��

���
���
��

���
���
��

���
���
��

���
���
��

���
���
��

���
���
��

���
���
��

���
���
��
����
����
����
����
����
����
����
����
����
����
�����
���
������
��
�������
�
��������

��������
����������������������������������������

��������
��������
��������
��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������

��������
��
��
��

Figure 	� Idealized Ekman spiral� showing the turning of the wind with height in a
Northern Hemispheric ABL� The coordinate system has its x�axis in the direction of the
geostrophic wind �Vg �j�Vgj � G�� The cross isobar �ow induces rising motion in the ABL
in low pressure areas �L� and sinking motion in high pressure areas �H�� as indicated in
the right part of the �gure�

�� Turbulence

Turbulence is the most fascinating feature of the �ow in the ABL� It can also occur
occasionally in connection with jet streams in the free atmosphere �clear air turbulence��
Turbulence is nearly always present in the ABL� in particular in its bottom part� It is
therefore a relevant question to ask� What is turbulence� The question is easy to
ask� but it is very di�cult to give a thorough answer� In this lecture note the goal is to
illustrate the physical meaning of turbulence� In a way turbulence comes out of a speci�c
mathematical treatment of the equations governing the atmosphere� The principle is
shown by considering for example the x�component of the momentum equation �per unit
mass�� This equation reads

�U

�t
� U

�U

�x
� V

�U

�y
�W

�U

�z
� �Fxi� �	�

Here U is the velocity component in the x�direction and V and W are the velocity
components in the y� and z�direction� respectively� The sum on the right hand side
�rhs� symbolizes the forces acting in the x�direction� On the left hand side �lhs� the �rst
term is the rate of change with time of U at a given point and

ADV � U
�U

�x
� V

�U

�y
�W

�U

�z
��
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Figure � Balance of the turbulent frictional force ��F �� the horizontal pressure gradient
force ��P � and the Coriolis force ��C� in the upper part of the ABL� The wind velocity
��V � is the sum of the geostrophic wind ��Vg� and the ageostrophic wind ��Va�� Note that
�Va is perpendicular to �F �

is the advection of U �momentum by the ��dimensional wind �V � �U� V�W �� Using
mathematical manipulation we can rewrite ADV as

ADV �
�U�

�x
�
�UV

�y
�
�UW

�z
� U � �

�U

�x
�
�V

�y
�
�W

�z
�� ���

In the ABL the ��dimensional divergence r� �V � �U
�x �

�V
�y �

�W
�z and the derivatives with

respect to the horizontal directions can usually be neglected if the underlying surface is
su�ciently homogeneous� Under these conditions ADV simpli�es to

ADV �
�UW

�z
� ���

�� Reynolds averaging and the mean equation

The velocity components U and W in ��� are instantaneous values� To deal with the
typical rapidly �uctuating velocity in turbulent �ows Reynolds �	�
�� introduced a
splitting of variables into a mean value and the deviation from the mean value� Ideally
the mean value should be the ensamble mean� Applied to the atmosphere the latter

�



is obtained by averaging over a large number of realisations of each �weather event��
This is of course not possible in practice� Instead a time average is used� The averaging
period should be large enough to contain the turbulence� i�e� larger than the dominant
time scale of the turbulence� but so short that it leaves the slovly varying �synoptic
�eld� unsmoothed� As a compromise between these requirements an averaging period
of �minutes is often used�

With Reynolds averaging any instantanous variable as for example U is written
U � U �U

�

� where U is the time average of U over a certain period �� �minutes� and
U

�

the deviation from the mean value� By this procedure ADV can be written

ADV �
�

�z
�U �W � U �W

�

�W � U
�

� U
�

W
�

�� ���

The time average of ADV simply becomes

ADV �
�

�z
�U �W � U

�

W
�

�� ���

because by de�nition � � � � and � � �� where � can be any atmospheric variable�
Furthermore� over �at terrainW is usually small in the ABL� so that the term �

�z �U �W �
can be neglected� With these approximations time averaging of equation �	� yields

�U

�t
�

�

�z
U �W � � �

	

�

�p

�x
� fV �

�

�z
��M

�U

�z
�� ���

Now the forces on the rhs have been explicitely written� From left to right they are
respectively the horizontal pressure gradient force� the Coriolis force and the molecular
frictional force �all per unit mass�� Variable p is mean pressure� � is the average density�
f is the Coriolis parameter and �M the molecular kinematic viscosity� The second term
on the lhs acts as friction in the mean �ow� This can be seen more clearly by moving it
to the rhs of the equation� The equation then reads

�U

�t
� �

	

�

�p

�x
� fV �

�

�z
��M

�U

�z
� U �W ��� ���

The term �U
�

W
� is the vertical momentum �ux due to the rapid �uctuating part of

the �ow �eld� These rapid motions is a manifestation of turbulence� The momentum
�ux �U �W � is often called shear stress or Reynolds stress associated with mean motion
in the x�direction� There are also contributions to the shear stress in this direction
from �U �U � and �U �V � � but they are usually small compared with �U �W � � and were
neglected in the derivation of ����

The Reynolds stress is not measured regularly in a global network like for example
temperature� wind velocity and surface pressure� and in numerical weather prediction
models it is usually not a prognostic variable� Instead the Reynolds stress is parameter�
ized in terms of �known� variables� The parameterization frequently applied makes use
of an analogy to molecular friction� i�e�

�U
�

W
� � �T

�U

�z
� �
�

�



Hence equation ��� can be written

�U

�t
� �

	

�

�p

�x
� fV �

�

�z
���M � �T �

�U

�z
�� �	��

From �	�� it is clear that turbulence gives rise to friction in the mean �ow in a way similar
to molecular friction� For this reason �T is often called the eddy viscosity� However�
it must be emphasized that �T behaves very di�erently from its molecular counterpart
�M � The latter can be regarded as constant for the air �� 	�� � 	���m�s���� while �T is
highly variable in space and time� Almost all the complexity associated with �U

�

W
�

is
�hidden� in �T � The eddy viscosity is clearly a property of the �ow� because its value
varies with changing �ow conditions� In contrast �M is independent of the air motions�
i�e� a property of the air� Furthermore� �T is larger than �M by a factor of 	�� to 	��

in most of the ABL� Only in a mm�thin layer at the surface is �M larger than �T � This
layer is called the viscous or laminar sublayer�

�� Physical interpretation of Reynolds stress and turbulent friction

The Reynolds stress �U �W � and the turbulent friction �
�z ��U

�W �� can be interpreted
physically by considering a mean wind U increasing with height above a horizontal
and homogeneous surface� and by considering turbulence as consisting of a continuum
of eddies ranging from the mm�scale to the km�scale� The eddies are ��dimensional
�laments of air� generally with a component of rotation along all � space directions� In
the interpretation of �U

�

W
� it is only necessary to consider eddy motions in the vertical

x�z plane�
Figure � shows a large and small eddy embedded in a mean �ow increasing with

height� At point 	 in the �gure larger momentum is transported downward by eddy
motion� Measurements of instantanous values of U and W at point 	 therefore are likely
to show U

�

� � and W
�

	 �� In the same way� at point  lower momentum transported
upward is likly to give U

�

	 � and W
�

� �� It is also clear that the same arguments
apply for the smaller eddy at point � and �� When averaged over a period of time
we therefore get U �W � 	 �� This result shows that there is a downward transport of
�eddy� momentum due to turbulence� If� at a given level� the downward transport of
momentum from above is less than the downward transport to the layer below� there
is a sink of momentum at the considered level� If we only consider the e�ect on the
mean �ow from the turbulence it follows from ��� that �U
�t 	 �� This explains why
�
�z��U �W �� is called turbulent friction�

Basically� the origin of turbulence in a neutral strati�ed atmosphere is the velocity
shear� If the velocity in Figure � was constant with height and the strati�cation was
neutral there would be no turbulence in the �ow� In the free atmosphere� i�e� above
the ABL� this would also be the case if the wind shear was su�ciently weak� However�
if the wind shear becomes su�ciently strong the �ow becomes turbulent and it can be
shown that the production of turbulent kinetic energy �TKE� then is �U �W � � �U
�z�
This term is called mechanical or shear production �S� of TKE�

Complexity is added� if there are layers in the atmosphere with stable or unstable
strati�cation� The free atmosphere is usually stably strati�ed� but the ABL has a
strati�cation that varies with latitude� position �land�sea�� season and time of day� In

�



Figure �� Turbulent momentum transport ��U �W �� by eddies in the x�z plane of the
ABL� See text for more explanation�

cloud free air the typical picture over land is that the ABL is unstably strati�ed at day
and stably strati�ed at night� It will be demonstrated below that strati�cation has a
very strong in�uence on the turbulence�

�� Turbulent heat �ux

A potential temperature equation similar to that for momentum �	� can be derived from
the �rst law of thermodynamics� It takes the form �per unit mass�

��

�t
� U

��

�x
� V

��

�y
�W

��

�z
�

	

cp�
�
p�
p
�R�cp�Di� �		�

Here � is the potential temperature� cp is the heat capacity of air at constant pressure�
p��	��� hPa is a reference pressure and �Di is the sum of diabatic heating�cooling
terms� Divergence of long and short wave radiation and of molecular heat �ux as well as
heating due to condensation and cooling due to evaporation may contribute to the rhs of
�		�� Usually the turbulent heat �ux is much larger in the vertical than in the horizontal
directions� in particular if the surface is homogeneous� Then �		� can be simpli�ed to

��

�t
�W

��

�z
�

	

cp�
�
p�
p
�R�cp�Di� �	�

Here our aim are to show the di�erence between the molecular and turbulent heating�
The molecular heat �ux in the vertical direction can be written as Hm � �kT�T
�z�
where kT is the thermal conductivity of air� The molecular heating�cooling term in �	�
is therefore

Dm �
�

�z
�kT

�T

�z
�� �	��

�



i�e� with a form similar to the molecular friction in ���� In the ABL kT can be regarded
as constant� hence Dm � kT�

�T
�z�� In text books about boundary layer meteorology
the molecular heating�cooling term is often written as kT�

��
�z�� Apparently� this is
di�erent from the rhs of �	�� However� it can be shown �by using Poisson�s equation
and the hydrostatic equation� that

���

�z�
�

g

cp

	

T

��

�z
� �

p�
p
�R�cp

��T

�z�
�	��

In the ABL the �rst term on the rhs of �	�� is between 	 and  orders of magnitude
smaller than the second rhs term� Hence �	�� can be approximated by

���

�z�
�

��

�z�
��
p�
p
�R�cpT � � �

p�
p
�R�cp

��T

�z�
� �	��

Stated in another way� it is permissible in the ABL to treat �p�
p�
R�cp as a constant in

�	��� Then� if we only consider molecular heating�cooling �	� can be written

��

�t
�W

��

�z
� �T

���

�z�
� �	��

where �T � kT
��cp� is the thermal di�usivity� Reynolds averaging of �	�� gives

��

�t
�

�

�z
��T

��

�z
�W

�

�
�� �	��

Like for momentum the Reynolds term �W
�

�
� �the kinematic turbulent heat �ux in the

vertical� is often parameterized by

�W
�

�
� � KT

��

�z
� �	��

where KT is the thermal eddy di�usivity similar to its molecular counterpart �T � KT is
like �T for momentum a property of the �uid� while �T is a property of the air� Much of
the complexity is hidden in KT � The latter is usually several orders of magnitude larger
than �T � which means that the e�ect on the mean potential temperature of the vertical
heat �ux to a good approximation is given by

��

�t
�

�

�z
�KT

��

�z
� �	
�

The behaviour of turbulence is very di�erent in stable and unstable strati�cation�

	� Stable strati
cation

Here the mean potential temperature � increases with height �i�e� ��
�z � �� as shown
in Figure �� At point 	 in this �gure air with higher � is transported downward by
eddy motion� Measurement of instantanous values of � and W are therefore likely to
show W

�

	 � and �
�

� �� Likewise� at point  measurements are likely to show W
�

� �
and �

�

	 �� because at this point air with lower � is transported upward by eddy

�



Figure �� Vertical kinematic turbulent heat �ux ��W
�

�
�

� in the stably strati�ed ABL�
� is the mean potential temperature pro�le� �� the potential temperature of the air
particle moved adiabatically up and down from its equilibrium position ��� � �� and B
the buoyancy force acting on the displaced particle� See text for further explanation�

motion� Averaged over a period of time we therefore must have W ��� 	 �� i�e� that
there is a downward transport of heat by turbulence �a downward turbulent heat �ux��
If at a given level the turbulent heat �ux from above is larger than the corresponding
downward �ux to the layer below� heat is stored and � increases with time ���
�t � �� at
the considered level� This happens if �
�z��W �

�
�� � � or with the parameterization in

�	�� if �
�z�KT��
�z� � �� Similarly there is a heat sink ���
�t 	 �� if the downward
heat �ux from above is less than the downward heat �ux to the layer below�

The rule is therefore that if the turbulent heat �ux increases �becomes less negative�
with height the air is cooled� and if it decreases �becomes more negative� with height
the air is warmed� The former situation usually characterises clear night ABL�s over
land�

Vertical turbulent motions are damped in a stably strati�ed ABL� as illustrated in
the left part of Figure �� An air particle with potential temperature �� pushed up�
ward adiabatically from its equilibrium position will be colder than the surrounding
air ��� 	 ��� The negative buoyancy force acting on the particle will eventually move
it backward �downward� towards the equilibrium position� If the particle is pushed
adiabatically downward from its equilibrium position it becomes warmer than the sur�
rounding air ��� � ��� and positive buoyancy acting on the particle will soon move it
backward �upward� towards the equilibrium position� The resistance against vertical
motion in stable strati�cation occurs because turbulent motions on average move colder
air upward and warmer air downward� In this process the potential energy of the air

�



Figure �� As Figure �� but for the unstably strati�ed ABL�

increases� while the kinetic energy of the turbulent eddy motions decreases correspond�
ingly� The turbulence weakens until it has reached an equilibrium between production
and destruction of turbulent kinetic energy� The destruction of turbulence may become
so strong that an equilibrium never is reached� In the latter case turbulence dies out
completely�

	��� Unstable strati
cation

Here � decreases with height ���
�z 	 �� as shown in Figure �� At point 	 in this �gure
air with higher � is transported upward by eddy motion� Measurements of instantanous
values of of � and W are therefore likely to show �

�

� � and W
�

� �� Similarly� at point
 measurements are likely to show �

�

	 � and W
�

	 �� because at this point air with
lower � is transported downward by eddy motion� Consequently we must haveW ��� � ��
i�e� the turbulent heat �ux must be upward� Like for the stable case the air is cooled
if the heat �ux increases with height and it is warmed if the heat �ux decreases with
height� The latter situation characterises the ABL on clear days with su�ciently high
insolation�

Vertical turbulent motions are enhanced in an unstably strati�ed ABL� as shown in
the left part of Figure �� An air particle with potential temperature �� that is pushed
upward adiabatically from its equilibrium level becomes warmer than the surrounding
air ��� � ��� and the positive �upward� buoyancy force acting on the particle increases
its upward motion� If the particle is pushed downward� it becomes colder than the
surrounding air� Negative �downward� buoyancy will act on the particle and increase
its downward motion� Air particles pushed away from their equilibrium positions by
turbulence will be accelerated� resulting in more vigorous eddy motions� The on average






rising warmer air and sinking colder air in the unstable �convective� ABL decreases the
potential energy of the air and increases the kinetic energy of the turbulent eddies
correspondingly�

The potential temperature at the tropopause is usually much higher than the po�
tential temperature at the surface� Therefore� as a rule the free atmosphere above the
convective ABL is stably strati�ed� Frequently there is a �lid� of very stably strati�ed
air on top of the convective ABL� In this layer� called the entrainment zone� turbulence
penetrating from below dies out rapidly with height� See the typical ��pro�le in the
CBL in Figure �� �

Turbulence in the convective ABL is often so vigorous that most of the ABL becomes
well�mixed� i�e� with almost uniform �constant with height� mean pro�les of atmospheric
variables� For the potential temperature this means that the heating must be approxi�
mately uniform with height ��
�z���
�t� � ��� According to �	�� and �	
� this implies
a linear decrease with height of the kinematic turbulent heat �ux W ��� �

�� The turbulent kinetic energy budget

From the discussion of Figure � and � it is clear that buoyancy forces destroy turbulent
kinetic energy �TKE� in case of stable strati�cation and generate TKE in case of unstable
strati�catione� The TKE is the kinetic energy of the wind �uctuations� i�e�

TKE �
	


�u�� � v�� � w��� ���

It can be shown that the buoyancy production�destruction term is given by B � g
� �
W

�

�
� �
The TKE�equation can be written in symbolic �and approximated� form as

D�TKE�

Dt
� S �B �D � T� �	�

The equation is an approximation� because a pressure�velocity correlation term has been
omitted� This term tends to spread a change in magnitude of �uctuations in one ve�
locity component to the other two� The more complete TKE�equation is presented
in for example Garratt� 	

� In �	� the shear production S and the buyancy pro�
duction�destruction B has already been discussed� The remaining two terms are the
molecular dissipation of TKE �term D� and the transport or redistribution of TKE
within the ABL �term T �� The dissipation D is always positive �or zero in case of no
turbulence�� In the surface layer �roughly the bottom one tenths of the ABL� and in the
stably strati�ed ABL this also holds for the shear production S� The byouancy term B
as well as the transport term T can be both sink and source terms for TKE� The latter
is only a sink�source term locally� When integrated over the depth of the ABL it is zero�
The buoyancy term must therefore be responsible for the observed signi�cant di�erence
between the stably and unstably strati�ed ABL�

	�



In the convective ABL �CBL� the largest eddies have a vertical scale comparable
with the depth of the CBL� but in the stably strati�ed ABL �SBL� the resistance against
vertical motion limits the vertical scale of the largest eddies to a small fraction of the
depth of the ABL� Consequently� the mixing by turbulence is much more local in the
SBL� which means that signi�cant vertical gradients of atmospheric variables can persist
in the SBL� At high static stability the latter variables vary approximately linearly with
height in the surface layer of the SBL�

In contrast� the mixing in the CBL is strong and nonlocal� which means that gra�
dients of atmospheric variables are erased in the CBL� except near its top and bottom�
where eddy motions are surpressed in the entrainment zone �the stable layer at the top
of the CBL� and by the rigid surface� respectively� If we for example consider the mean
wind speed pro�le M �Figure ��� it has a nearly constant value in the well�mixed part of
the CBL and sharp gradients in the entrainment zone and in the surface layer� Through
these layers the mixed layer value of M has to match the wind in the free atmosphere
and M � � at the surface� respectively�

�� The nearsurface wind speed

On cloud free days with su�cient insolation it is often observed that the near�surface
wind speed increases after sunrise and in the evening returns to the level before sunrise�
This pattern can also be seen in climatological wind data� as shown in Figure �� This
�gure shows the diurnal variation of a 	��year averaged �	
������ wind speed for April
at di�erent heights along the Ris� tower near Roskilde� Denmark� From sunrise to about
	� local time �LT� the wind speed decreases at the 	�m height and increases at the
�m height� indicating that momentum is beeing mixed down from the upper level by
turbulent eddies that are groving after sunrise as a result of the change in buoyancy from
a negative to a positive value� After about 	� LT and until a few hours before sunset
the wind speed varies in phase at the two levels� This does not mean that the mixing
of momentum has ceased� Instead it indicates that the CBL after 	� LT has grown far
beyond the 	�m level� Momentum from above is in this period mixed down to both
the 	� and the �m level� From about 	� LT the wind speed remains almost constant
�at the before�sunrise level� at the 	�m height� while it decreases at lower levels� This
indicates that a SBL has formed at the bottom of the �former� CBL� Relatively strong
turbulent friction initially in the newly formed SBL leads to a rapid decrease with time
of the wind speed in the SBL� As the SBL becomes older the decrease in wind speed
levels o�� indicating a corresponding decrease in turbulent friction� Note also in Figure
� how the gradient of mean wind speed is spread out over the whole layer below 	�m
at night� while it is concentrated near the surface at day�

��� The nocturnal jet

The gradient Richardson number Ri� de�ned as

Ri �
g

�

��
�z

j�
�V
�z j

�

� ��

is often used as a measure of stability� For convenience the averaging symbol has been
omitted on the wind vector� It follows from the de�nition in �� that Ri is positive

		



Figure �� Schematic representation of the typical daytime ��D� and night time ��N �
mean potential temperature pro�les over land in the clear air ABL�

Figure �� As Figure �� but for the mean wind speed M � �U
�
� V

�
�
���

� Note the
nocturnal jet in the MN pro�le near the top of the SBL�

	



Figure �� Climatological temperature and wind speed data from the Ris� Tower near
Roskilde� Denmark� Shown are 	� year averages �	
������ values for April� Top� Tem�
perature at heights � �� �� �
� ��� �� 
� and 	�m� with thick lines for T� and T����
Bottom� Wind speed at heights �� �� �
� ��� �� 
� and 	�m� with thick lines for V�
and V��� �from Petersen� 	
����
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Figure 
� Initial oscillation of the ageostrophic wind ��Vag� in the residual layer near the

top of the SBL� Time t � � corresponds to near sunset� �Vag rotates clockwise around

the arrowhead of the geostrophic wind �Vg� Between t � 
f and t � 
f � j�V j attains
its maximum value �Vg � Vag��

and negative in the stably and unstably strati�ed ABL� respectively� Turbulence dies
out if Ri becomes larger than a critical value Ric � ���� In the well�mixed former CBL
�the residual layer� vertical gradients of both wind and potential temperature are small�
and most importantly� Ri is proportional to j��V 
�zj��� which is large in the residual
layer� Hence small changes in ��
�z will lead to large changes in Ri� Near sunset there
is often radiative �ux divergence at the top of the developing SBL� The latter results in
an increase with time of ��
�z and Ri� for the latter to a value larger than Ric� This
leads to a collapse of the turbulent frictional force and hence to a force imbalance in the
residual layer� The force imbalance� involving the horizontal pressure gradient force and
the Coriolis force gives rise to an initial oscillation of the ageostrophic wind �Vag � �V � �Vg
in the residual layer with an initial period 
jf j� where f is the Coriolis parameter�
The initial oscillation of the ageostrophic wind �in case of a constant �Vg� is shown in
Figure 
� According to this �gure the wind attains its maximum �V max � V g � V ag�
between 
jf j and 
jf j hours �counted from sunset�� The supergeostrophic wind
blowing near the top of the SBL is called the nocturnal jet� The strength of this jet
clearly depends on the magnitude of the ageostrophic wind in the residual layer at
sunset� At ���N we have 
jf j � ��� hours� i�e� the nocturnal jet at this latitude has
its maximum about � hours after sunset� In Figure � the nocturnal jet would therefore
be expected to be at its maximum intensity around �	 LT with the jet core well above
the 	�m level�

��� Land and sea ABL�s

The structure of the cloud free ABL is often very di�erent over land and adjacent seas�
This is illustrated schematically in Figure 	�� The overall �bulk� static stability in
the ABL is mainly determined by advective and diabatic processes at the surface and
top of the ABL� At the top of the ABL it is primarily advection proccesses that are
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Figure 	�� Schematic picture of the typical diurnal variation of the bulk static stability
of the ABL over land and adjacent sea on days with land�sea breeze circulation� The
daytime ��D� and the nighttime ��N � pro�les show the out of phase variation over land
and sea� �T is a neutral transition pro�le� Over land diabatic cooling �DC� and warming
�DW� at the surface dominates over advection at the top �zi� of the ABL� Over adjacent
sea advection at the top �and in� the ABL dominates over DC and DW at the sea surface

responsible for changes in momentum� moisture and potential temperature� Over land�
and in periods with high insolation the diurnal amplitude of the surface temperature is
large� in particular if the surface is dry and without widespread vegetation� In contrast�
the diurnal variation of the sea surface temperature is small� This is due to the large
heat capacity of water and the turbulent mixing in the top layer of the sea� The typical
situation is therefore that the diurnal variation in the bulk static stability in the ABL
over land tends to be controlled by diabatic and turbulent processes at the surface� The
corresponding diurnal amplitude over the sea tends instead to be controlled by advective
processes at the top �and in� the ABL� Note that advection includes sinking and rising
motion and the associated adiabatic warming and cooling� respectively�

	�



Figure 		� Schematics of the diurnal variation of the wind speed at 	�m height �V�� over
land and adjacent sea on days with land�sea breeze circulation� A time axis is shown at
the top of the �gure with marks for sunrise �SR� and sunset �SS�� Over land the wind
speed at ���m height is also indicated�

On days with a land�sea breeze circulation it is typical that the bulk static stability
varies out of phase over land and adjacent sea� In daytime the radiative heating develops
a CBL over land� The advection of relatively warm air from land to sea in the upper
branch of the sea�breeze circulation leads to generation of a SBL over the sea� At
nighttime radiative cooling at the surface creates a SBL over land� and the advection
of relativly cold air from land to sea by the land�breeze circulation establishes a weak
CBL over the sea� Due to the very di�erent mixing properties in the SBL and CBL�
as discussed in section 
� measurements of the wind speed at 	�m height over land
and sea will typically be as shown schematically in Figure 		� In daytime an increase
and a decrease in wind speed is observed over land and sea� respectively� At night
the opposite happens� The tendency for out of phase variation of near�surface wind
speed and direction is shown in Figure 	� This �gure shows the diurnal variation of
the anomaly in 	�m�wind speed �Figure 	a�� 	�m�wind direction �Figure 	b�� m�
temperature �Figure 	c� and msl pressure �Figure 	d� at Anholt and Hessel� �two
small islands in Cattegat� and Hvide Sande and R�m� at the west coast of Jutland�
The former observations represents conditions over water� the latter �in particular R�m��
represents conditions over land�
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 (a) Wind speed anomaly(10m)
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 (b) Wind dir. anomaly(10m)
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 (c) Temperature anomaly(2m)
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 (d) MSL pressure anomaly
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Figure 	� Observed diurnal variation of anomalies of �a�� 	�m�wind speed� �b�� 	�m�
wind direction� �c�� m�temperature and �d�� mean sea level pressure at Anholt and
Hessel� in Cattegat and at Hvide Sande and R�m� at the west coast of Jutland� Con�
sidered period is from � April to 	� May ���� Time is in UTC� The prevailing wind
in the period is from east�southeast� The observations from the west coast of Jutland
therefore mainly show land conditions� which is in particular the case for R�m�� The
in�uence of the upstream Ringk�bing Fjord can be seen in the data from Hvide Sande�
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Figure 	�� The ABL in heigh pressure regions over land consists of three major parts� a
very turbulent mixed layer� a less�turbulent residual layer containing the former mixed�
layer air� and a nocturnal SBL of sporadic turbulence� The mixed layer can be subdi�
vided into a cloud layer and a subcloud layer� From Stull� 	
���

The period considered in Figure 	 is from � April to 	� May ���� This period had
prevailing east�southeasterly winds and almost unbroken clear sky conditions with a
land�sea breeze circulation superposed on the mean �ow�

��� Other aspects of the ABL

In this note the e�ect of water vapor on buoyancy in the unsaturated ABL has not been
considered� However� this e�ect can be included simply by replacing � with the virtual
potential temperature �v � ��	��q�� where � � ���	 and q is the mean speci�c humidity�

Vertical pro�les of mean speci�c humidity in the ABL have not been presented�
They are quite similar to the � pro�les� but it must be noted that �q
�z usually is
weakly negative in the well�mixed part of the CBL� This is a consequence of the export
of humidity from the CBL to the dry atmosphere above� In the upper part of the
well�mixed layer ��
�z is weakly positive due to the downward turbulent transport of
heat from the entrainment zone� It actually has the consequence that the turbulent
heat �ux is upward and ��
�z � � in a part of the well�mixed layer� i�e� the turbulent
heat �ux is upgradient �from �cold� to �warm�� in this region� In the latter region
the parameterization in �	�� breakes down and is often replaced by the �non�local�
parameterization

�W ��� � KT �
��

�z
� ���� ���

where �� � � is a countergradient depending mainly on buoyancy� In terms of eddies one
can think of the largest eddies as beeing responsible for the major part of the upgradient
heat transport� These eddies do not care about the sign of ��
�z locally in the CBL�
What counts is the sign of the potential temperature di�erence across the CBL�

	�



As a summary of conditions over land we show in Figure 	� the typical diurnal
variation in the ABL over land on days with signi�cant insolation� The typical daytime
and nighttime vertical pro�les of potential temperature and wind speed were shown in
Figures � and ��
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