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Dansk Resume

Der foreslas en analytisk metode til beregning af turb@enterflade transporter af impuls, sensi-
bel varme og fugtighed i det stabile greenselag. Beregniegaf de turbulente transporter benytter
dimensionslgse vertikale gradienter som funktion af Me@bbukhov (M-O) parameteren. Gradient
funktionerne er empirisk bestemt ud fra feltmalinger. B@iagen af de turbulente transporter foregar
i to trin. | fgrste trin beregnes M-O stabilitetsparametesem en entydig I@gsning til et tredje grads
polynomium i M-O stabilitetsparameteren, som kobler depar@ameter til et bulk Richardson tal og
ruhedslaengder for impuls og sensibel varme. | den numevigkiorudsigelsesmodel (NVM) bereg-
nes bulk Richardson tallet fra model-variable. Ruhedstiene er saedvanligvis specifiseret som
inter-arligt varierende to-dimensionale felter. Tredjads ligningen gaelder som udgangspunkt for
det stabilt stratifiserede horisontalt homogene og stagiengraenselag og tilpasses derefter, saledes
at dens lgsninger stemmer godt overens med et statistigkdbasstimat af M-O stabilitetsparame-
teren som funktion af bulk Richardson tallet og ruhedspataene. | modseetning til den analytiske
lgsning har den statistiske beregning en diskontinuitebétk Richardson tallet lig med 0.2. | andet
trin beregnes de turbulente overfladetransporter. Deingistgtmetode er fgrst at beregne den kinema-
tiske impulstransport, dernaest den kinematiske sens#st@etransport og til sidst den kinematiske
fugtighedstransport. Beregningsmaden gar ikke brug feaksefficienter, dette under antagelse af
at de dimensionslgse profilfunktioner for sensibel varméggghed er identiske.
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Abstract

®

An analytic method, calculating turbulent surface fluxemmoimentum, sensible heat and moisture in
the stably stratified atmospheric boundary layer (ABL),nsgosed. The calculation of the surface
fluxes make use of dimensionless vertical gradients, whiehuaiversal functions of the Monin-
Obukhov (M-0O) stability parameter. These gradient fundiare estimated empirically from field
measurements. The flux calculations take place in two stepise first step the M-O stability param-
eter is obtained as a unique solution of a cubic equatioatingl this parameter to a bulk Richardson
number and roughness lemgths for momentum and sensiblelheahumerical weather prediction
(NWP) model the bulk Richardson number can be calculated frmdel variables. The roughness
parameters for momentum and sensible heat are usuallyfispess 2-dimensional fields with inter-
annual variability. The derived cubic equation is valid fbe stationary, horizontal homogeneous
stably stratified ABL, but is afterwards adjusted to incledfects of non-stationarity (intermittent
turbulence) and horizontal inhomogeneity. After the aljient the M-O stability parameter obtained
from the cubic equation is shown to become in good agreemiginiavstatistically based estimete of
the M-O stability parameter as a function of the bulk Riclsardnumber and the roughness lengths for
momentum and sensible heat. Contrary to the analytic soluthe statistical relation has a build-in
discontinuity at the bulk Richardson number equal to 0.2 fhbulent surface fluxes are calculated
in the second step. The fastest way is first to calculate thenkatic momentum flux, then the kine-
matic sensible heat flux and finally the kinematic moistune. fltalculation of the surface fluxes does
not make use of transfer coefficients if it is assumed thantiredimensional profile functions for
sensible heat and moisture are identical unique functibtiseoM-O stability parameter. The latter
asumption is supported by the similarity between heat andtore flux.
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1 Introduction and theoretical background

Monin-Obukhov (M-O) similarity theory (Monin and Obukhol®54) has been widely used to de-
scribe the structure of the horizontal homogeneous antstay surface layer. The latter is the
bottom part of the atmospheric boundary layer (ABL). In theface layer the turbulent fluxes of
momentum, sensible heat and moisture can be regarded aamsngqual to their surface values.
Futhermore, the impact of the Coriolis force is so small thetnge of wind direction with height can
be ignored. In the surface layer M-O similarity theory pogslithat non-dimensional vertical profiles
of parameters such as mean wind speed and mean potentiaresome are universal functions of the
stability parametex; = =, whereL is the Obhkhov length, defined by

3/2

I — (1s/ps)” _ (1)
k-bHs/cpps

In(1)7, = —p,u/w’ andH, = —p, -CPW are the turbulent surface fluxes of momentum and sensible
heat, respectively, is the air density at the surface, is the specific heat capasity of air at constant
pressurek = 0.4 is the Von Karman constant, and finallyz =% is the buoyancy parameter ands
gravity. It follows from the M-O similarity hypothesis th#te vertical gradients of mean wind speed
and mean potential temperature can be written

ou  UsOp

o 2

0z kz 2)
and _

a0 0.0

- 3

0z koz '’ 3)
where the friction velocityu* is defined as.,.?> = —u/w’ and the corresponding potential temperature
scaled., is definedd. = —=*. The Von Karman constaritand the correspondinig, are defined

such thaip,, = ¢, = 0in neutral ¢ = 0). M-O similarity does not provide functional forms of the
¢-functions. The latter are determined from field measurdsien

2 The bulk Richardson number

Vertical integration of thes-functions in (2) and (3) from the roughness heightsend 2y for wind
and potential temperature, respectively, to a chosenamterheightz, within the surface layer gives

w(z) = () = ) (4)

and ‘.
0(z) — 0(z00) = k?e( (209) ¥n) (5)
In (4) (¢ f o ¢))din¢ and in (Bye (¢ f . ¢))dIn¢ with ¢y = 22 and(y = 2.

In numerlcal weather predlctlon (NWP) appllcatlons therehce heightz, is often chosen to be the
height of the lowest model level. (4) and (5) provide the ltoka bulk Richardson numbeR;iy,

defined as B ,
Ri,=b- (9(2)_z ?2(200)) (z : j)) .

According to (4) and (5)Ri, is a function of(, a = ln(i) andg = ln(;—oe). From a NWP point
of view (6) has the appealing property to depend only on patars that can be made available in

(6)
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a NWP model. In such a model it is necessary to calculate embfluxes at the model surface.
These fluxes are usually calculated by bulk transfer redatidn the early days of NWP modeling
the transfer functions were specified as functiong,ofsulting in implicit equations for the surface
fluxes (e.g. Van den Hurk and Holtslag, 1997; Beljaars anddtag, 1991, henceforward BH1991),
demanding computationally rather expensive iterationsodputationally cheaper method was pro-
posed by Louis (1979). This method calculates the surfagedlaxplicitly by specifying the transfer
coefficients as functions dti, anda. The latter method has been widely used and it has been refined
over time in NWP modeling (Luis et al. 1982; Mascart et al93;9Uno et al., 1995 and Wang et al.,
2002). Computation of the surface fluxes are also much siegbiif ( can be specified as a function
of Ri, and the parameteks and 5. For the stably stratified ABL, Li et al. (2010), hencefordar
Li2010, and earlier Launiainen (1995) have proposed suclkthad. Li2010 base their analysis on
y-functions proposed by BH1991, and obtgims a function ofRi,, o and 5 by regression analy-
sis combined with a significance test. They do the analygiars¢ely for the weakly stable regime
(Ri, < 0.2) and the strongly stable regim&4, > 0.2) and the relations are shown in their equations
(14) and (16) in Li2010.

3 A cubic equation analytic solution for the M-O stability pa rameter

In the present paper an analytic solution faas function ofRi,, o and is proposed. The solution
is based on theé-functions

On(C) =1+ 55 (7)
and ) L
on(g) =1+ M1 ) ®

In(7)a,, =2andin (8)R,, = 0.25, a; = 0.18, ay = 0.16 andaz = 1.43. To a good approximation
(8) can be replaced by the quadratic form

On(C) = 1+ T + S5, (©)
whereay,; = 1.8 anday,, = 0.18. (7) and (8) have been proposed by Zilitinkevicch et al. @91
The validity of (7) to (9) is restricted to the horizontal hogeneous and stationary ABL and these
functions can therefore not be expected to be valid withoodifitations in a stably stratified ABL
influenced by horizontal inhomogeneity and non-statidpaBuch effects are at least to some extend
accounted for implicitly in Li2010. However, the linear forof ¢,,, in (7) and the quadratic form of
(9) have the attractive property, when substituted in (6gjive a cubic equation icithat can be solved
analytically, giving( as a function ofRi,, o and 5. With a certain, not very restrictive constraint, it
is found that there is only one positive solution for aRy,, o and 5 satisfying the constraint. The
analytic solution is valid for the stably stratified, hontal homogeneous and stationary ABL, and is
therefore not expected to be identical witlobtained by Li2010.

4 The cubic equation

From (7) and (9) follow

= =2(C = G0, (10)
and an1 Qap2
—n = TAC + ﬁ(CQ — Co)s (11)

where(y, = %, (oo = %2, A{ = ¢ — (oo andz is a reference height, which in a NWP model often
is taken as the height of the lowest model level. The referdraght should be chosen such that

www.dmi.dk/laer-om/generelt/dmi-publikationer/2013/17-24 page 6 of 12



® Danish Meteorological Institute
DMI Report 17-24

®
D

z >> max(2o, 209 ), IMlpying thaty,,, andv;, become approximately

A
—m TG (12)
and ap1 Ap2
—y, ~ ?C + ﬁCQ (13)

It then follows from (2), (3), (12) and (13) th&ti, in (6) can be written as

kot B+ 9+ g

Riy ~ — : 14
B T O 2ama( 1 ()0 (1)
(14) can be rewritten as a cubic equationdogiven by
¢+ AC+B(+C =0, (15)
with coefficients L bk (2 s
A — “apr — R 09(7) Zb’ (16)
Ap2
k? — 2k - kpp*=aRi
B— (a + 5) 00 7 Qi (17)
Ap2
and k - koo Ri
C—_ T oY Zb. (18)
QAp2

SinceC' < 0 if Ri, > 0, an investigation of the solutions to (15) shows that it isfficGent condition
for one and only one positive solution to (15) that,, > Ri,g, whereRi,, and Ri,z are the bulk
Richardson numbers at whichand B shift from positive to negative values, respectively. ltdws
from (16) and (17) that this condition is satisfiedif< (a,; — 1)a. It is noted that the combination
= =100 and% = 100, which is in the parameter space considered by Li2010, doesatisfy

B < (an1 — 1)a. Inthis case the fulfilment of the sufficient condition re@sizos > 55%;.
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Figure 1: The M-O stability parameteg, as function of the bulk Richardson numb#,, for =
400 and 22 = 1. Curve L is the result by Li2010 and Z in (a) and M in (b) are tbkigons of the
cubic equatlon (15) without and with the modificatians,, anday,s,, of ay; andays, respectively.

5 Intercomparison of the M-O stability parameter obtained b y the
analytic and regression methods

In Figure (1), curve Z shows as function ofRi,, ranging from 0 to 2, for the case = 400 and
ZZOO = 1. The curve is obtained by solving the cubic equation in (16h e coefﬁuentm = 2,
ap; = 1.8 anday, = 0.18. According to Zilitinkevich et al. (2013) curve Z, based & tprofile
functions (7) and (9), are proposed for the horizontal hoenegus, stationary ABL. Curve L shows
the corresponding results obtained by regression anadyslsa significance test by Li2010. The
analysis was based an, and,, functions estimated by BH1991 from field measurements in the
stably stratified ABL. In the regression analysis the stabtgme was divided into a weakly stable
regime, ki, < 0.2, and a strongly stable regimei, > 0.2. In the former regime it was assumed
that{ can be written as a sum of two terms, one depending linearligigrand the other depending
quadratically onRi,. In the latter regime it was assumed tataries linearly withRi,. The division

by Li2010 of the stable regime into two parts introduces a&ahsinuity in ¢ as function ofRi, at

the transition,Ri, = 0.2, between the regimes, as shown in Figure (1). Intercompan$ Z and L
shows an increasing spread with increasitig. Recall that curve Z represenisas function ofRi,

in a horizontal homogeneous, stationary ABL, whjleepresented by L is influenced by horizontal
inhomogeneity and non-stationarity. Therefore, the djgace of Z and L apparently is an illustration
of an increasing impact of inhomogeneity as the stabilitthefABL in terms ofRi, increases.

5.1 Implementation of inhomogeneity and nonstationarity e ffects in the cubic equa-

tion
In the present paper it is investigated if the solutionffabtained from (15) by a modification af,;
anday,s in (9) can be made approximately equattobtained by Li2010. If this can be done the effect
of inhomogeneity and nonstationarity becomes includetierainalytic solution of the cubic equation
in (15) without any change in the profile functigr,. The analytic solution then provides a ra{ig
in fair agreement with Li2010, as shown by Figure (1b) andiFéq2).

5.2 Modification of coefficients  a; and aps

The first modification, concerning,», makes sure that the linear slopes (lapse rates) in thesurve
and Z become identical. According to Li2010 the assumedatiséope in L iS:as 1 + agoq, With
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Figure2: The M-O stability parameteg, as function of the bulk Richardson numbgi;, for = =
7.3and a)= = 100, b) £ = 400, ¢) = = 2000, and d).= = 100000. Curve L hows results by L|2010
and curve M are the solutions of the cubic equation (15) vinthrodificationsy, 1, anday,s,, of ax;
anday,s, respectively.

as11 = 0.7529 andas, = 14.92. The curve Z has the asymptotic lapse r%téd:—; which follows

from (14) for( — oc. Identical lapse rates in L and Z therefore requirgs, = k(alf(fgi?—zg) where
an2m 1S the modifieds,;. The second modification concermg . It was found that,;, for =% = 100

anday, for 2% = 0.5 in combination withu,,, gave good fits to the corresponding L curves Then, by
assuming a Ilnear relation between and/ the modifieda,; reads:ayi,, = an1(1.051 + 0.07345).

The solution to the cubic equation (15) wiik, anday, replaced by, andays,,, respectively, is
shown by curve M in Figure (1). It shows that M gives a fairlyogdit to L in the weakly stable
regime, but deviates from this curve by a nearly constanteval the strongly stable regime. The
latter is due to the conflict between the discontinuity in LRa§ and the continuous behavior of M.
Other combinations af andg, covering the parameter space foand considered by Li2010, also
show fairly good fits of M and L, as illustrated by Figure (Zpresenting rough to smooth surfaces
(£ ranging from10? to 10°) and 2> = 7.3. The sufficient condition for one and only one positive

solution of (15) with the modified coefficients,,, andahQm becomesy > m, which for

8 > —0.71is a less restrictive condition than > 0— valid fora,; = 1.8 anday, = 0.18. If, for
example,Z> = 100, = must be larger than 316.2 wihout the modifications and latger 21.53 with
the modlflcatlons thus allowing for a nearly 15 times larggewith the modifications.
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6 Calculation of turbulent surface fluxes based on the analyt ic solo-
tion of the cubic equation

®

It has been shown in the previous section that it is possibbalculate a M-O stability parameter in
fair agreement with results, based on field observationsl@H), derived statistically as a function
of Ri,, a and by Li2010. In the cubic equation methadis the unique positive solution to (15)
with the coefficients:,; anday,, modified toay,, andays,,, respectively. Sinc%’}2 = ﬁ ¢ only

determines the ratiéj—g. If u, is known,d, is given by

u,2C
0 k-z-b (19)
If insteadd, is known,u, is given by
w2 = w (20)

The computation of the turbulent kinematic momentum andigémheat fluxu? andw,d,, respec-
tively, is therefore done in two steps. In the first steps obtained from

EV(2)

o — Uy

Uy = (21)
and in the second stéj can be calculated from (19). Alternativety, can be calculated in the first
step from

g, _ Fo@z) — Bew)) 22)
a+ B —Ynpr
and thenu, in the second step from (20). In (21) and (22) 3y andvy,zy are they-functions
for momentum and sensible heat, respectively, estimateBH#991 and applied in the regression

analysis by Li2010. According to BH1991

i = aC -+ B(C ~ S)eap(~dC) + . 23
and - )
~tngn = (14 5aC)  +b(C — Feap(~dC) + 7 — 1 (24)

witha = 1, b = 0.667, ¢ = 5 andd = 0.35. Calculation off, in the first step requires knowledge of

9(2}09).

Note that ifu, has been calculated from (21) af\dafterwards from (19), an approximationftzy)
can be obtained from )

5(209) = 5(2) — ?*(Oé -+ 6 - thH)- (25)
The advantages of calculating in the first step instead @f are slightly less calculations, but first of
all no need for specification @f zy). Finally, the kinematic turbulent surface moisture flgxy.., can
be calculated from the bulk transfer relatighs. = CyV (0(z2) — 0,) andq.u, = CoV (q(2) — G),
giving

Qslly = Mﬁ*u*. (26)
Cu(0(z) —0,)

In (26) C'y andCy, are transfer coefficients for sensible heat and moistuspeetively, and it has been
assumed that(zop) andg(zy,) can be approximated by the surface valéieandys, respectively.
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Figure 3: Deviation in % of the approximation (27) from,,z = “=X¢.

To obtain the kinematic moisture flux the ra@@ must be known. Field measurements and similaity
between water vapor and heat transfer sug@@st: Cq (e.g. Arya, 2002), which is equivalent to
assumingp, = ¢, andzo, = zpg.

Finally, it is noted that formally-+,, sy can be written as-v,,,py = “’” C The front-page figure
shows the variation of’rmkl with (. It follows from (23) that for small values @fthe approximation
“’”T(O ~a+bl+c—d-(Q) can be used, and for large values{ad good approximation i%m— ~

a + bcg‘ !, confirming that“’” decreases from 5 faf = 0 and approaches 1 asymptotlcally for
¢ — oo. If appropriate, an approximation €@lk— like

am(C) ~ Cp
EC TR RO

(27)

with ¢, = d(c—il), cp = %C and f(¢) = 1+(0.09+f)a.018()ca-g“’ can be applied. Figure (3) shows that the

approximation above deviates less than about 1.5% ﬁﬂQ@
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