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Dansk Resume

Der foreslås en analytisk metode til beregning af turbulente overflade transporter af impuls, sensibel
varme og fugtighed i det stabile grænselag. Beregningerne af de turbulente transporter benytter di-
mensionsløse vertikale gradienter af vind, potentiel temperatur og specifik fugtighed som funktion af
Monin-Obukhov (M-O) parameteren. Gradient funktionerne er empirisk bestemt ud fra feltmålinger.
Beregningen af de turbulente transporter foregår i to trin.I første trin beregnes M-O stabilitetsparame-
teren som en entydig løsning til et tredje grads polynomium iM-O stabilitetsparameteren, som kobler
denne parameter til et bulk Richardson tal, hvori der indgårruhedslængder for impuls og sensibel
varme. I en numeriske vejrforudsigelsesmodel (NVM) kan bulk Richardson tallet beregnes fra model-
variable. Ruhedslængderne er sædvanligvis specifiseret som inter-årligt varierende to-dimensionale
felter. Tredje grads ligningen gælder som udgangspunkt fordet stabilt stratifiserede, horisontalt ho-
mogene og stationære grænselag, og tilpasses derefter således at dens løsninger stemmer godt ov-
erens med et statistisk baseret estimat af M-O stabilitetsparameteren som funktion af bulk Richardson
tallet og ruhedsparametrene. I modsætning til den analytiske løsning har den statistiske beregning
en indbygget diskontinuitet for bulk Richardson tallet ligmed 0.2. I andet trin beregnes de turbu-
lente overfladetransporter. Den hurtigste metode er først at beregne den kinematiske impulstransport,
dernæst den kinematiske sensible varmetransport og til sidst den kinematiske fugtighedstransport.
Beregningsmåden gør ikke brug transfer koefficienter, dette under antagelse af at de dimensionsløse
profilfunktioner for sensibel varme og fugtighed er identiske.
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Abstract

An analytic method, calculating turbulent surface fluxes ofmomentum, sensible heat and moisture
in the stably stratified, horizontal homogeneous and stationary atmospheric boundary layer (ABL),
is proposed. The calculation of the surface fluxes make use ofdimensionless vertical gradients of
wind speed, potential temperature and specific humidity, which are universal functions of the Monin-
Obukhov (M-O) stability parameter. These gradient functions are estimated empirically from field
measurements. The flux calculations take place in two steps.In the first step the M-O stability param-
eter is obtained as a unique solution of a cubic equation, relating this parameter to a bulk Richardson
number, involving roughness lemgths for momentum and sensible heat. In a numerical weather pre-
diction (NWP) model the bulk Richardson number can be calculated from model variables. The
roughness parameters for momentum and sensible heat are usually specified as 2-dimensional fields
with inter-annual variability. The derived cubic equationis valid for the stationary, horizontal homo-
geneous and stably stratified ABL, but is afterwards adjusted to include, in a statistical sense, effects
of non-stationarity (intermittent turbulence) and horizontal inhomogeneity. After the adjustment the
M-O stability parameter obtained from the cubic equation isshown to become in good agreement
with a statistically based estimate of the M-O stability parameter as a function of the bulk Richardson
number, containing the roughness lengths for momentum and sensible heat. Contrary to the analytic
solution, the statistical relation has a build-in discontinuity at the bulk Richardson number equal to
0.2. The turbulent surface fluxes are calculated in the second step. The fastest way is first to calculate
the kinematic momentum flux, then the kinematic sensible heat flux and finally the kinematic mois-
ture flux. Calculation of the surface fluxes does not make use of transfer coefficients if it is assumed
that the non-dimensional profile functions for sensible heat and moisture are identical unique func-
tions of the M-O stability parameter. The latter asumption is supported by the similarity between heat
and moisture flux.
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1 Introduction and theoretical background

Monin-Obukhov (M-O) similarity theory (Monin and Obukhov,1954) has been widely used to de-
scribe the structure of the horizontal homogeneous and stationary surface layer. The latter is the
bottom part of the atmospheric boundary layer (ABL). In the surface layer the turbulent fluxes of
momentum, sensible heat and moisture can be regarded as constants, equal to their surface values.
Futhermore, the impact of the Coriolis force is so small thatchange of wind direction with height can
be ignored. In the surface layer M-O similarity theory predicts that non-dimensional vertical profiles
of parameters such as mean wind speed and mean potential temperature are universal functions of the
stability parameter,ζ = z

L
, whereL is the Obhkhov length, defined by

L =
(τs/ρs)

3/2

k · bHs/cpρs
. (1)

In ( 1) τs = −ρsu′w′ andHs = −ρs ·cpθ′w′ are the turbulent surface fluxes of momentum and sensible
heat, respectively,ρs is the air density at the surface,cp is the specific heat capasity of air at constant
pressure,k = 0.4 is the Von Karman constant, and finallyb ≈ g

θ(z)
is the buoyancy parameter andg is

gravity. It follows from the M-O similarity hypothesis thatthe vertical gradients of mean wind speed
and mean potential temperature can be written

∂u

∂z
=
u∗φm

kz
(2)

and
∂θ

∂z
=
θ∗φh

kθz
, (3)

where the friction velocity,u∗ is defined asu∗2 = −u′w′ and the corresponding potential temperature
scale,θ∗, is definedθ∗ = −

θ′w′

u∗

. The Von Karman constantk and the correspondingkθ are defined
such thatφm = φh = 0 in neutral (ζ = 0). M-O similarity does not provide functional forms of the
φ-functions. The latter are determined from field measurements.

2 The bulk Richardson number

Vertical integration of theφ-functions in (2) and (3) from the roughness heightsz0 andz0θ for wind
and potential temperature, respectively, to a chosen reference height,z, within the surface layer gives

u(z) =
u∗
k
(ln(

z

z0
)− ψm) (4)

and

θ(z)− θ(z0θ) =
θ∗
kθ
(ln(

z

z0θ
)− ψh) (5)

In (4)ψm(ζ) =
∫ ζ

ζ0
(1−φm(ζ))dlnζ and in (5)ψθ(ζ) =

∫ ζ

ζ0
(1−φh(ζ))dlnζ with ζ0 = z0

L
andζ0θ =

z0θ
L

.
In numerical weather prediction (NWP) applications the reference height,z, is often chosen to be the
height of the lowest model level. (4) and (5) provide the linkto a bulk Richardson number,Rib,
defined as

Rib = b ·
(θ(z)− θ(z0θ))

u(z)2
(z − z0)

2

z − z0θ
. (6)

According to (4) and (5)Rib is a function ofζ, α = ln( z
z0
) andβ = ln( z0

z0θ
). From a NWP point

of view (6) has the appealing property to depend only on parameters that can be made available in
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a NWP model. In such a model it is necessary to calculate turbulent fluxes at the model surface.
These fluxes are usually calculated by bulk transfer relations. In the early days of NWP modeling
the transfer functions were specified as functions ofζ , resulting in implicit equations for the surface
fluxes (e.g. Van den Hurk and Holtslag, 1997; Beljaars and Holtslag, 1991, henceforward BH1991),
demanding computationally rather expensive iterations. Acomputationally cheaper method was pro-
posed by Louis (1979). This method calculates the surface fluxes explicitly by specifying the transfer
coefficients as functions ofRib andα. The latter method has been widely used and it has been refined
over time in NWP modeling (Luis et al. 1982; Mascart et al., 1995; Uno et al., 1995 and Wang et al.,
2002). Computation of the surface fluxes are also much simplified if ζ can be specified as a function of
Rib and the parametersα andβ. For the stably stratified ABL, Li et al. (2010), henceforward Li2010,
and earlier Launiainen (1995) have proposed such a method. In Li2010 the relationship betweenζ
andRib is derived statistically, based on a linear regression analysis combined with a significance
test.

3 A cubic equation analytic solution for the M-O stability pa rameter

In the present paper an analytic solution forζ as function ofRib, α andβ is proposed. The solution
is based on theφ-functions

φm(ζ) = 1 +
am
k
ζ (7)

and

φh(ζ) = 1 +
a1ζ + a2ζ

2

1 + a3ζ
(1 +

k

R∞ζ
). (8)

In (7) am = 2 and in (8)R∞ = 0.25, a1 = 0.18, a2 = 0.16 anda3 = 1.43. To a good approximation
(8) can be replaced by the quadratic form

φh(ζ) = 1 +
ah1
k
ζ +

ah2
k2
ζ2, (9)

whereah1 = 1.8 andah2 = 0.18. (7) and (8) have been proposed by Zilitinkevicch et al. (2013).
The validity of (7) to (9) is restricted to the horizontal homogeneous and stationary ABL and these
functions can therefore not be expected to be valid without modifications in a stably stratified ABL
influenced by horizontal inhomogeneity and non-stationarity. Such effects are at least to some extend
accounted for implicitly in Li2010. However, the linear form of φm in (7) and the quadratic form of
(9) have the attractive property, when substituted in (6), to give a cubic equation inζ that can be solved
analytically, givingζ as a function ofRib, α andβ. With a certain, not very restrictive constraint, it
is found that there is only one positive solution for anyRib, α andβ satisfying the constraint. The
analytic solution is valid for the stably stratified, horizontal homogeneous and stationary ABL, and is
therefore not expected to be identical withζ obtained by Li2010.

4 The cubic equation

From (7) and (9) follow
−ψm =

am
k
(ζ − ζ0), (10)

and
−ψh =

ah1
k

∆ζ +
ah2
k2

(ζ2 − ζ20θ), (11)

whereζ0 = z0
L

, ζ0θ = z0θ
L

, ∆ζ = ζ − ζ0θ andz is a reference height, which in a NWP model often
is taken as the height of the lowest model level. The reference height should be chosen such that
z >> max(z0, z0θ), imlpying thatψm andψh become approximately

−ψm ≈
am
k
ζ (12)
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Figure 1: The M-O stability parameter,ζ , as function of the bulk Richardson number,Rib, for z
z0

=
400 and z0

z0θ
= 1. Curve L is the result by Li2010 and Z in (a) and M in (b) are the solutions of the

cubic equation (15) without and with the modificationsah1m andah2m of ah1 andah2, respectively.

and
−ψh ≈

ah1
k
ζ +

ah2
k2
ζ2. (13)

It then follows from (2), (3), (12) and (13) thatRib in (6) can be written as

Rib ≈
k

kθ
ζ
α + β + ah1

k
ζ + ah2

k2
ζ2

α2 + 2αam
k
ζ + (am

k
)2ζ2

. (14)

(14) can be rewritten as a cubic equation forζ , given by

ζ3 + Aζ2 +Bζ + C = 0, (15)

with coefficients

A =
k · ah1 − k · kθ(

am
k
)2Rib

ah2
, (16)

B =
k2(α + β)− 2k · kθ

am
k
αRib

ah2
(17)

and

C = −
k · kθα

2Rib
ah2

. (18)

SinceC < 0 if Rib > 0, an investigation of the solutions to (15) shows that it is a sufficient condition
for one and only one positive solution to (15) thatRibA > RibB, whereRibA andRibB are the bulk
Richardson numbers at whichA andB shift from positive to negative values, respectively. It follows
from (16) and (17) that this condition is satisfied ifβ < (ah1 − 1)α. It is noted that the combination
z
z0

= 100 and z0
z0θ

= 100, which is in the parameter space considered by Li2010, does not satisfy
β < (ah1 − 1)α. In this case the fulfilment of the sufficient condition requiresz0θ > z0

39.81
.

5 Intercomparison of the M-O stability parameter obtained b y the
analytic and regression methods

In Figure (1), curve Z showsζ as function ofRib, ranging from 0 to 2, for the casez
z0

= 400 and
z0
z0θ

= 1. The curve is obtained by solving the cubic equation in (15) with the coefficientsam = 2,
ah1 = 1.8 andah2 = 0.18. According to Zilitinkevich et al. (2013) curve Z, based on the profile
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functions (7) and (9), the latter an approximation to (8), are proposed for the horizontal homoge-
neous, stationary ABL. Curve L shows the corresponding results obtained by regression analysis and
a significance test by Li2010. In the regression analysis thestable regime was divided into a weakly
stable regime,Rib ≤ 0.2, and a strongly stable regimeRib > 0.2. In the weakly stable regime the
analysis suggested that a quadratic relationship betweenζ andRib, in which the coefficients were
functions of the momentum and heat roughness lengths, was useful. In the strongly stable regime a
linear relationship betweenζ andRib was assumed. The lapse rate (slope coefficient) was found to be
independent of the heat roughness length. It was shown that for both regimes the relationship between
ζ andRib compared well withζ as function ofRib, calculated by iteration in BH1991. The division
by Li2010 of the stable regime into two parts introduces a discontinuity in ζ as function ofRib at
the transition,Rib = 0.2, between the regimes, as shown in Figure (1). Intercomparison of Z and L
shows an increasing spread with increasingRib. Recall that curve Z representsζ as function ofRib
in a horizontal homogeneous, stationary ABL, whileζ represented by L is influenced by horizontal
inhomogeneity and non-stationarity. Therefore, the divergence of Z and L apparently is an illustration
of an increasing impact of inhomogeneity as the stability ofthe ABL in terms ofRib increases.

5.1 Implementation of inhomogeneity and nonstationarity e ffects in the cubic equa-
tion

In the present paper it is investigated if the solution forζ obtained from (15) by a modification ofah1
andah2 in (9) can be made approximately equal toζ obtained in Li2010. If this can be done the effect
of inhomogeneity and nonstationarity becomes included in the analytic solution of the cubic equation
in (15) without any change in the profile functionφm. The analytic solution then provides a ratioθ∗

u∗
2

in fair agreement with Li2010, as shown by Figure (1b) and Figure (2).

5.2 Modification of coefficients ah1 and ah2

The first modification, concerningah2, makes sure that the linear slopes (lapse rates) in the curves L
and Z become identical. According to Li2010 the assumed linear slope in L is:as11α + as21, with
as11 = 0.7529 andas21 = 14.92. The curve Z has the asymptotic lapse ratekθ

k
am2

ah2
, which follows

from (14) forζ → ∞. Identical lapse rates in L and Z therefore requiresah2m = kθam
2

k(as11α+as21)
, where

ah2m is the modifiedah2. The second modification concernsah1. It was found thatah1 for z0
z0θ

= 100
andah1 for z0

z0θ
= 0.5 in combination withah2m gave good fits to the corresponding L curves. Then, by

assuming a linear relation betweenah1 andβ the modifiedah1 reads:ah1m = ah1(1.051 + 0.0734β).
The solution to the cubic equation (15) withah1 andah2 replaced byah1m andah2m, respectively, is
shown by curve M in Figure (1). It shows that M gives a fairly good fit to L in the weakly stable
regime, but deviates from this curve by a nearly constant value in the strongly stable regime. The
latter is due to the conflict between the discontinuity in L atRib and the continuous behavior of M.
Other combinations ofα andβ, covering the parameter space forα andβ considered by Li2010, also
show fairly good fits of M and L, as illustrated by Figure (2), representing rough to smooth surfaces
( z
z0

ranging from102 to 105) and z0
z0θ

= 7.3. The sufficient condition for one and only one positive

solution of (15) with the modified coefficientsah1m andah2m becomesα > β
0.892+0.132β

, which for

β ≥ −0.7 is a less restrictive condition thanα > β
0.8

, valid for ah1 = 1.8 andah2 = 0.18. If, for
example,z0

z0θ
= 100, z

z0
must be larger than 316.2 wihout the modifications and largerthan 21.53 with

the modifications, thus allowing for a nearly 15 times largerz0 with the modifications.
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Figure 2: The M-O stability parameter,ζ , as function of the bulk Richardson number,Rib, for z0
zz0θ

=

7.3 and (a) z
z0

= 100, (b) z
z0

= 400, (c) z
z0

= 2000, and (d) z
z0

= 100000. Curve L hows results by
Li2010 and curve M are the solutions of the cubic equation (15) with the modificationsah1m andah2m
of ah1 andah2, respectively.

6 Calculation of turbulent surface fluxes based on the analyt ic solo-
tion of the cubic equation

It has been shown in the previous section that it is possible to calculate a M-O stability parameter in
fair agreement with results, based on field observations (BH1991), derived statistically as a function
of Rib, α andβ by Li2010. In the cubic equation methodζ is the unique positive solution to (15)
with the coefficientsah1 andah2 modified toah1m andah2m, respectively. Sinceθ∗

u∗
2 = ζ

(k·z·b)
, ζ only

determines the ratioθ∗
u∗

2 . If u∗ is known,θ∗ is given by

θ∗ =
u∗

2ζ

k · z · b
. (19)

If insteadθ∗ is known,u∗ is given by

u∗
2 =

θ∗k · z · b

ζ
. (20)

The computation of the turbulent kinematic momentum and sensible heat flux,u2
∗

andu∗θ∗, respec-
tively, is therefore done in two steps. In the first stepu∗ is obtained from

u∗ =
kV (z)

α− ψmBH
(21)
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Figure 3: Deviation in % of the approximation (27) from−ψmBH = am(ζ)
k
ζ .

and in the second stepθ∗ can be calculated from (19). Alternatively,θ∗ can be calculated in the first
step from

θ∗ =
kθ(θ(z)− θ(z0θ))

α+ β − ψhBH

, (22)

and thenu∗ in the second step from (20). In (21) and (22)ψmBH andψhBH are theψ-functions for
momentum and sensible heat, respectively, estimated by BH1991 and applied in the calculation of
transfer coefficients for momentum and sensible heat in Li2010. According to BH1991

−ψmBH = aζ + b(ζ −
c

d
)exp(−dζ) +

bc

d
, (23)

and

−ψhBH = (1 +
2

3
aζ)

3/2

+ b(ζ −
c

d
)exp(−dζ) +

bc

d
− 1, (24)

with a = 1, b = 0.667, c = 5 andd = 0.35. Calculation ofθ∗ in the first step requires knowledge of
θ(z0θ).

Note that ifu∗ has been calculated from (21) andθ∗ afterwards from (19), an approximation toθ(z0θ)
can be obtained from

θ(z0θ) = θ(z)−
θ∗
k
(α + β − ψhBH). (25)

The advantages of calculatingu∗ in the first step instead ofθ∗ are slightly less calculations, but first of
all no need for specification ofθ(z0θ). Finally, the kinematic turbulent surface moisture flux,q∗u∗, can
be calculated from the bulk transfer relationsθ∗u∗ = CHV (θ(z) − θs) andq∗u∗ = CQV (q(z) − qs),
giving

q∗u∗ =
CQ(q(z)− qs)

CH(θ(z)− θs)
θ∗u∗. (26)

In (26)CH andCQ are transfer coefficients for sensible heat and moisture, respectively, and it has been
assumed thatθ(z0θ) andq(z0q) can be approximated by the surface valuesθs andqs, respectively. To

www.dmi.dk/laer-om/generelt/dmi-publikationer/2013/17-24 page 10 of 12
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obtain the kinematic moisture flux the ratioCQ

CH
must be known. Field measurements and similaity

between water vapor and heat transfer suggestCH = CQ (e.g. Arya, 2002), which is equivalent to
assumingφh = φq andz0q = z0θ.

Finally, it is noted that formally−ψmBH can be written as−ψmBH = am(ζ)
k
ζ . The front-page figure

shows the variation ofam(ζ)
k

with ζ . It follows from (23) that for small values ofζ the approximation
am(ζ)

k
≈ a + b(1 + c − d · ζ) can be used, and for large values ofζ a good approximation isam(ζ)

k
≈

a + bc
d
ζ−1, confirming thatam(ζ)

k
decreases from 5 forζ = 0 and approaches 1 asymptotically for

ζ → ∞. If appropriate, an approximation toam(ζ)
k

, like

am(ζ)

k
≈ a+

cb
ζ + f(ζ)

, (27)

with ca = c
d(c+1)

, cb = bc
d

andf(ζ) = ca
1+(0.09+0.018ζ)ca·ζ

, can be applied. Figure (3) shows that the

approximation above deviates less than about 1.5% fromam(ζ)
k

.

7 Summary

The stability parameter,ζ = z/L, in the stably stratified surface layer is calculated analytically as
the positive solution to a cubic equation relatingζ to a bulk Richardson number,Rib, that can be
calculated from NWP parameters. The cubic equation is derived from nondimensional vertical pro-
file functions of wind and potenetial temperature suggestedby Zilitinkevich et al., (2013), but with
adjustment of coefficients in the profile function for heat. The purpose of the adjustment is to obtain
solutions,ζ , to the cubic equation that are in good agreement withζ derived statistically in Li2010 as
a function ofRib and the roughness lengths for momentum and heat. It is shown in Li2010 that the
statistical derived relationship gives a good fit to data points in BH1991 ofζ as function ofRib and the
roughness lengths. These data points are calculated iteratively, and the good fit to these data points
is the reason why the vertically integrated nondimensionalwind profile, suggested in BH1991, is
used in the calculation of the kinematic surface momentum flux, u∗2. The kinematic surface sensible
heat flux,u∗θ∗ is afterwards obtained from the relation betweenu∗

2 andζ , and finally the kinematic
surface moisture flux is obtained by assuming that the transfer coefficients for heat and moisture are
identical. Alternatively, it is also possible to calculateθ∗ as the first step, by applying the vertically
integrated nondimensional potential temperature profile proposed in BH1991, and in the second step
calculateu∗2 from the relation betweenθ∗ andζ .
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