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Dansk Resume

Der foreslas en analytisk metode til beregning af turb@@verflade transporter af impuls, sensibel
varme og fugtighed i det stabile greenselag. Beregningdrde turbulente transporter benytter di-
mensionslgse vertikale gradienter af vind, potentiel erajur og specifik fugtighed som funktion af
Monin-Obukhov (M-O) parameteren. Gradient funktionernerapirisk bestemt ud fra feltmalinger.
Beregningen af de turbulente transporter foregar i to triiarste trin beregnes M-O stabilitetsparame-
teren som en entydig lgsning til et tredje grads polynomitur® stabilitetsparameteren, som kobler
denne parameter til et bulk Richardson tal, hvori der indgéedsleengder for impuls og sensibel
varme. | en numeriske vejrforudsigelsesmodel (NVM) karkIRithardson tallet beregnes fra model-
variable. Ruhedsleengderne er seedvanligvis specifisaretrger-arligt varierende to-dimensionale
felter. Tredje grads ligningen gaelder som udgangspunkddoistabilt stratifiserede, horisontalt ho-
mogene og stationsere graenselag, og tilpasses dereftdesa@tedens Igsninger stemmer godt ov-
erens med et statistisk baseret estimat af M-O stabiliegspeteren som funktion af bulk Richardson
tallet og runedsparametrene. | modseetning til den ankéytssning har den statistiske beregning
en indbygget diskontinuitet for bulk Richardson tallet figed 0.2. | andet trin beregnes de turbu-
lente overfladetransporter. Den hurtigste metode er fglstragne den kinematiske impulstransport,
dernaest den kinematiske sensible varmetransport og $it deh kinematiske fugtighedstransport.
Beregningsmaden gar ikke brug transfer koefficienteredettler antagelse af at de dimensionslgse
profilfunktioner for sensibel varme og fugtighed er idekis
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An analytic method, calculating turbulent surface fluxesnaimentum, sensible heat and moisture
in the stably stratified, horizontal homogeneous and statipatmospheric boundary layer (ABL),
is proposed. The calculation of the surface fluxes make usknuénsionless vertical gradients of
wind speed, potential temperature and specific humiditychvare universal functions of the Monin-
Obukhov (M-0O) stability parameter. These gradient funwiare estimated empirically from field
measurements. The flux calculations take place in two stepise first step the M-O stability param-
eter is obtained as a unique solution of a cubic equatioatingl this parameter to a bulk Richardson
number, involving roughness lemgths for momentum and benkeat. In a numerical weather pre-
diction (NWP) model the bulk Richardson number can be cated from model variables. The
roughness parameters for momentum and sensible heat akyspecified as 2-dimensional fields
with inter-annual variability. The derived cubic equatisrvalid for the stationary, horizontal homo-
geneous and stably stratified ABL, but is afterwards adgusienclude, in a statistical sense, effects
of non-stationarity (intermittent turbulence) and hontal inhomogeneity. After the adjustment the
M-O stability parameter obtained from the cubic equatioshiswn to become in good agreement
with a statistically based estimate of the M-O stabilitygraeter as a function of the bulk Richardson
number, containing the roughness lengths for momentum emsltde heat. Contrary to the analytic
solution, the statistical relation has a build-in discouoity at the bulk Richardson number equal to
0.2. The turbulent surface fluxes are calculated in the skstap. The fastest way is first to calculate
the kinematic momentum flux, then the kinematic sensiblé¢ th@aand finally the kinematic mois-
ture flux. Calculation of the surface fluxes does not make @ismiosfer coefficients if it is assumed
that the non-dimensional profile functions for sensiblet lzea moisture are identical unique func-
tions of the M-O stability parameter. The latter asumptesupported by the similarity between heat
and moisture flux.
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1 Introduction and theoretical background

Monin-Obukhov (M-O) similarity theory (Monin and Obukhol®54) has been widely used to de-
scribe the structure of the horizontal homogeneous antstay surface layer. The latter is the
bottom part of the atmospheric boundary layer (ABL). In theface layer the turbulent fluxes of
momentum, sensible heat and moisture can be regarded aamsngqual to their surface values.
Futhermore, the impact of the Coriolis force is so small thetnge of wind direction with height can
be ignored. In the surface layer M-O similarity theory pogslithat non-dimensional vertical profiles
of parameters such as mean wind speed and mean potentiaresome are universal functions of the
stability parametex; = =, whereL is the Obhkhov length, defined by

3/2

I — (1s/ps)” _ (1)
k-bHs/cpps

In(1)7, = —p,u/w’ andH, = —p, -CPW are the turbulent surface fluxes of momentum and sensible
heat, respectively, is the air density at the surface, is the specific heat capasity of air at constant
pressurek = 0.4 is the Von Karman constant, and finallyz =% is the buoyancy parameter ands
gravity. It follows from the M-O similarity hypothesis th#te vertical gradients of mean wind speed
and mean potential temperature can be written

ou  UsOp

o 2

0z kz 2)
and _

a0 0.0

- 3

0z koz '’ 3)
where the friction velocityu* is defined as.,.?> = —u/w’ and the corresponding potential temperature
scaled., is definedd. = —=*. The Von Karman constaritand the correspondinig, are defined

such thaip,, = ¢, = 0in neutral ¢ = 0). M-O similarity does not provide functional forms of the
¢-functions. The latter are determined from field measurdsien

2 The bulk Richardson number

Vertical integration of thes-functions in (2) and (3) from the roughness heightsend 2y for wind
and potential temperature, respectively, to a chosenamterheightz, within the surface layer gives

w(z) = () = ) (4)

and ‘.
0(z) — 0(z00) = k?e( (209) ¥n) (5)
In (4) (¢ f o ¢))din¢ and in (Bye (¢ f . ¢))dIn¢ with ¢y = 22 and(y = 2.

In numerlcal weather predlctlon (NWP) appllcatlons therehce heightz, is often chosen to be the
height of the lowest model level. (4) and (5) provide the ltoka bulk Richardson numbeR;iy,

defined as B ,
Ri,=b- (9(2)_z ?2(200)) (z : j)) .

According to (4) and (5)Ri, is a function of(, a = ln(i) andg = ln(;—oe). From a NWP point
of view (6) has the appealing property to depend only on patars that can be made available in

(6)
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a NWP model. In such a model it is necessary to calculate embfluxes at the model surface.
These fluxes are usually calculated by bulk transfer redatidn the early days of NWP modeling
the transfer functions were specified as functiong,ofsulting in implicit equations for the surface
fluxes (e.g. Van den Hurk and Holtslag, 1997; Beljaars anddtag, 1991, henceforward BH1991),
demanding computationally rather expensive iterationsodputationally cheaper method was pro-
posed by Louis (1979). This method calculates the surfagedlaxplicitly by specifying the transfer
coefficients as functions dti, anda. The latter method has been widely used and it has been refined
over time in NWP modeling (Luis et al. 1982; Mascart et al93;9Uno et al., 1995 and Wang et al.,
2002). Computation of the surface fluxes are also much siieghif ¢ can be specified as a function of
Ri, and the parametersand/3. For the stably stratified ABL, Li et al. (2010), henceford/&i2010,
and earlier Launiainen (1995) have proposed such a metmodi2010 the relationship between
and Ri, is derived statistically, based on a linear regressionyaistombined with a significance
test.

3 A cubic equation analytic solution for the M-O stability pa rameter

In the present paper an analytic solution faas function ofRi,, o and is proposed. The solution
is based on theé-functions

On(C) =1+ ¢ (7)
and ) y
on(g) = 1+ 1 ) ®

In(7)a,, =2andin (8)R,, = 0.25, a; = 0.18, ay = 0.16 andaz = 1.43. To a good approximation
(8) can be replaced by the quadratic form

#n(C) = 1+ T + ¢, ©)
whereay,; = 1.8 anday,, = 0.18. (7) and (8) have been proposed by Zilitinkevicch et al. @01
The validity of (7) to (9) is restricted to the horizontal hogeneous and stationary ABL and these
functions can therefore not be expected to be valid withoodifitations in a stably stratified ABL
influenced by horizontal inhomogeneity and non-statiapauch effects are at least to some extend
accounted for implicitly in Li2010. However, the linear forof ¢,,, in (7) and the quadratic form of
(9) have the attractive property, when substituted in (6gjive a cubic equation icithat can be solved
analytically, giving( as a function ofRi,, « and 5. With a certain, not very restrictive constraint, it
is found that there is only one positive solution for aRy,, o and 5 satisfying the constraint. The
analytic solution is valid for the stably stratified, honetal homogeneous and stationary ABL, and is
therefore not expected to be identical witlobtained by Li2010.

4 The cubic equation

From (7) and (9) follow

—m = (6 = o), (10)
and Qp1 ap2 , .9 2
—n = TEAC+ SR — Gy, (12)

where(y = 2, (oo = 2, A = ¢ — (o9 andz is a reference height, which in a NWP model often
is taken as the height of the lowest model level. The referdreght should be chosen such that
z >> max(2, z0s), iIMIpying thati,,, andy, become approximately

& TG (12)
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Figure 1: The M-O stability parameteg, as function of the bulk Richardson numb#,, for =
400 and 22 = 1. Curve L is the result by Li2010 and Z in (a) and M in (b) are tbkigons of the
cubic equatlon (15) without and with the modificatians,, anday,s,, of ay; andays, respectively.

and ap1 ah2
—y, = —C + C : (13)

It then follows from (2), (3), (12) and (13) théti, in (6) can be written as

k a+5+ah1<’+ah2g2

Ri 14
'lb k <O[2 +20{am<+ (Cbm) CQ ( )
(14) can be rewritten as a cubic equationfpgiven by
¢+ AC+B(+C =0, (15)
with coefficients L . 2 s
A — *ap1 — 0(7) Zb’ (16)
Ap2
— 2k - kg*2aRi
B k(o + 8) o Ry (17)
QAp2
and T
o= KR Ry (18)
Ap2

SinceC' < 0 if Ri, > 0, an investigation of the solutions to (15) shows that it isficgent condition
for one and only one positive solution to (15) that,, > Ri,z, WhereRi,, and Ri,z are the bulk
Richardson numbers at whichand B shift from positive to negative values, respectively. ltdws
from (16) and (17) that this condition is satisfiedif< (a,; — 1)a. It is noted that the combination
= = 100 and ZO = 100, which is in the parameter space considered by Li2010, doesatisfy

B < (ap1 — 1)a. In this case the fulfilment of the sufficient condition re@sizog > 355

5 Intercomparison of the M-O stability parameter obtained b y the
analytic and regression methods

In Figure (1), curve Z shows as function ofRi,, ranging from O to 2, for the case¢ = 400 and
o =1 The curve is obtained by solving the cubic equation in (1Bhwhe coefﬁmentm =2,

ap; = 1.8 anday, = 0.18. According to Zilitinkevich et al. (2013) curve Z, based & tprofile
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functions (7) and (9), the latter an approximation to (8 proposed for the horizontal homoge-
neous, stationary ABL. Curve L shows the correspondingltesbtained by regression analysis and
a significance test by Li2010. In the regression analysisthiele regime was divided into a weakly
stable regimeRi, < 0.2, and a strongly stable reginei, > 0.2. In the weakly stable regime the
analysis suggested that a quadratic relationship betwesrd Ri;,, in which the coefficients were
functions of the momentum and heat roughness lengths, vedislugn the strongly stable regime a
linear relationship betweehand Ri, was assumed. The lapse rate (slope coefficient) was fourel to b
independent of the heat roughness length. 1t was showndahloth regimes the relationship between
¢ and Ri;,, compared well with( as function ofRi,, calculated by iteration in BH1991. The division
by Li2010 of the stable regime into two parts introduces &ahsinuity in ( as function ofRi, at
the transition,Ri, = 0.2, between the regimes, as shown in Figure (1). Intercompan$ Z and L
shows an increasing spread with increaskitig. Recall that curve Z represenisas function ofRi,

in a horizontal homogeneous, stationary ABL, whjleepresented by L is influenced by horizontal
inhomogeneity and non-stationarity. Therefore, the djgace of Z and L apparently is an illustration
of an increasing impact of inhomogeneity as the stabilitthefABL in terms ofRi, increases.

5.1 Implementation of inhomogeneity and nonstationarity e ffects in the cubic equa-

tion
In the present paper it is investigated if the solutionfabtained from (15) by a modification of,;
anday,s in (9) can be made approximately equattobtained in Li2010. If this can be done the effect
of inhomogeneity and nonstationarity becomes includeteranalytic solution of the cubic equation
in (15) without any change in the profile functigp,. The analytic solution then provides a raﬁ@
in fair agreement with Li2010, as shown by Figure (1b) andiFeég2).

5.2 Modification of coefficients  a,; and aps

The first modification, concerning,,, makes sure that the linear slopes (lapse rates) in thesurve
and Z become identical. According to Li2010 the assumeadliséope in L iS:a 10 + a1, With
as1 = 0.7529 andagy; = 14.92. The curve Z has the asymptotic lapse r%t%%; which follows

from (14) for( — oo. Identical lapse rates in L and Z therefore requitgs, = m where
anom 1S the modifieds;,. The second modification concerag. It was found that:,; for ZO =100
anday, for 2% = 0.5 in combination withu.,,, gave good fits to the corresponding L curves Then, by
assuming a Ilnear relation betweeqn andgj the modifieda;; reads:aui,, = an1(1.051 + 0.073453).
The solution to the cubic equation (15) with, anday, replaced by, andays,,, respectively, is
shown by curve M in Figure (1). It shows that M gives a fairlyogdit to L in the weakly stable
regime, but deviates from this curve by a nearly constanieval the strongly stable regime. The
latter is due to the conflict between the discontinuity in LRa and the continuous behavior of M.
Other combinations af and/3, covering the parameter space foand considered by Li2010, also
show fairly good fits of M and L, as illustrated by Figure (Zpresenting rough to smooth surfaces
(i ranging from10? to 10°) andz'% = 7.3. The sufficient condition for one and only one positive

solution of (15) with the modified coefficients,,, andahgm becomesy > m, which for

8 > —0.7is a less restrictive condition than > 0— valid for a,; = 1.8 andae = 0.18. If, for
example;2- = 100, = must be larger than 316.2 wihout the modifications and Ittt 21.53 with
the modlflcatlons thus allowing for a nearly 15 times larggwith the modifications.
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Figure2: The M-O stability parameteg, as function of the bulk Richardson numbgi;, for = =

7.3and (a)Z = 100, (b) Z = 400, (c) £ = 2000, and (d)Z= = 100000. Curve L hows results by
Li2010 and curve M are the solutions of the cubic equatlm) \Wiith the modificationsi,,,, andayz,,
of a;; anday,s, respectively.

6 Calculation of turbulent surface fluxes based on the analyt ic solo-
tion of the cubic equation

It has been shown in the previous section that it is possibbalculate a M-O stability parameter in
fair agreement with results, based on field observationsl@H), derived statistically as a function
of Ri,, « and by Li2010. In the cubic equation metha@dis the unique positive solution to (15)
with the coefficientsi,; anda,, modified toay,,, anday,,,, respectively. Sinc%’j—2 = (k 5 , Conly

determines the ratigj—Q. If u, is known,0, is given by

u2¢
0, = : 19
k-z-b (19)
If insteadd, is known,u, is given by
O.f-z-b
w2 = % (20)

The computation of the turbulent kinematic momentum andibémheat fluxu? andw.9,, respec-
tively, is therefore done in two steps. In the first steps obtained from
kV (z)

Uy = ———————
: a—@/)mBH

(21)
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Figure 3: Deviation in % of the approximation (27) from,,z = “=X¢.

and in the second steé}p can be calculated from (19). Alternativety, can be calculated in the first
step from

g, _ Fol@(2) ~ B)) 22)
a+ B —Ynpr
and thenu, in the second step from (20). In (21) and (22) sy andy, gy are they-functions for
momentum and sensible heat, respectively, estimated byoBHand applied in the calculation of

transfer coefficients for momentum and sensible heat in102@ccording to BH1991

—Umpr = al + b(¢ — g)ea:p(—dg“) + %, (23)

and
3/2

~nrr = (14 200) 4 b(C ~ Seap(~d0) + 2 —1, (24)

witha = 1, b = 0.667, ¢ = 5 andd = 0.35. Calculation off, in the first step requires knowledge of
?(Zog).

Note that ifu, has been calculated from (21) af\dafterwards from (19), an approximation(zy)
can be obtained from p
?(Zog) = 5(2’) — ?*(Oé -+ 6 - @Z)hBH)- (25)
The advantages of calculatimg in the first step instead ¢f are slightly less calculations, but first of
all no need for specification éf 2y ). Finally, the kinematic turbulent surface moisture flyx.., can
be calculated from the bulk transfer relatighs., = CyV (0(z) — 65) andg.u,. = CoV(q(2) — Gs),
giving

o, = el =d), (26)

Cu(0(2) —05)

In (26) C'y andCy, are transfer coefficients for sensible heat and moistuspeetively, and it has been
assumed that(zoy) andq(zy,) can be approximated by the surface val@eandg;, respectively. To
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obtain the kinematic moisture flux the ratf% must be known. Field measurements and similaity
between water vapor and heat transfer suggest= C, (e.g. Arya, 2002), which is equivalent to
assumingp, = ¢, andzo, = zog.

Finally, it is noted that formally-+,, sy can be written as-v,,,py = “’”T(OC. The front-page figure
shows the variation of’r# with (. It follows from (23) that for small values afthe approximation
“'"T(O ~ a+ b(1+c—d-()canbe used, and for large valuesia good approximation i%";gﬁ ~

a + %Cl, confirming that“'”T(O decreases from 5 faf = 0 and approaches 1 asymptotically for
¢ — oo. If appropriate, an approximation ?@# like

am(o ~a Cp
Ao}

(27)

with ¢, =

Tt @ = b and f(¢) = 0T 0 e can be applied. Figure (3) shows that the

approximation above deviates less than about 1.5% ﬁ%@

7  Summary

The stability parameter, = z/L, in the stably stratified surface layer is calculated aimzdily as
the positive solution to a cubic equation relatigo a bulk Richardson numbeRi,, that can be
calculated from NWP parameters. The cubic equation is dérikom nondimensional vertical pro-
file functions of wind and potenetial temperature suggebtedilitinkevich et al., (2013), but with
adjustment of coefficients in the profile function for heaheTpurpose of the adjustment is to obtain
solutions, to the cubic equation that are in good agreement yvidkrived statistically in Li2010 as
a function of Ri, and the roughness lengths for momentum and heat. It is showi2010 that the
statistical derived relationship gives a good fit to datanfsin BH1991 of as function ofRRi, and the
roughness lengths. These data points are calculatedvtdyatind the good fit to these data points
is the reason why the vertically integrated nondimensioviatl profile, suggested in BH1991, is
used in the calculation of the kinematic surface momentur flL?. The kinematic surface sensible
heat flux,u.0, is afterwards obtained from the relation betwegh and(, and finally the kinematic
surface moisture flux is obtained by assuming that the tearsfefficients for heat and moisture are
identical. Alternatively, it is also possible to calcul#eas the first step, by applying the vertically
integrated nondimensional potential temperature profi@ased in BH1991, and in the second step
calculateu,? from the relation betweefy, and(.
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