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Yodglplu Shqhqnr4 dqg Doh{dqghu Ednodqry5

4Lqvwlwxwh ri Frpsxwdwlrqdo Pdwkhpdwlfv dqg Pdwkhpdwlfdo Jhrsk|vlfv/ Vlehuldq

Glylvlrq ri Uxvvldq Dfdghp| ri Vflhqfhv/ Odyuhqwlhy dy1/ 9/ UXV09633<3/

Qryrvleluvn/ Uxvvld

shqhqnrCrppidr1vvff1ux
5Gdqlvk Phwhrurorjlfdo Lqvwlwxwh/ O|qje|yhm/ 433/ GN05433 Frshqkdjhq/ Ghqpdun

doeCgpl1gn

Devwudfw1 Wkh vrxufh sdudphwhuv hvwlpdwlrq/ edvhg rq hqylurqphqw srooxwlrq

prqlwrulqj/ dqg dvvhvvphqw ri uhjlrqv zlwk kljk srwhqwldo ulvn dqg yxoqhudelolw| iurp

qxfohdu vlwhv duh wkh wzr lpsruwdqw sureohpv iru qxfohdu hphujhqf| suhsduhgqhvv v|v0

whpv dqg iru orqj0whup sodqqlqj ri vrflr0hfrqrplfdo ghyhorsphqw ri whuulwrulhv1 Iru

wkh glvfxvvhg sureohpv/ prvw ri prghohuv xvh wkh frpprq edfn0wudmhfwru| whfkqltxhv/

vxlwdeoh rqo| iru Odjudqjldq prghov1 Wklv sdshu glvfxvvhv dqrwkhu dssurdfk iru lq0

yhuvh prgholqj/ edvhg rq yduldwlrqdo sulqflsohv dqg dgmrlqw htxdwlrqv/ dqg dssolfdeoh

iru Hxohuldq dqg Odjudqjldq prghov1 Wkh suhvhqwhg phwkrgrorj| lv edvhg rq erwk

gluhfw dqg lqyhuvh prgholqj whfkqltxhv1 Yduldwlrqdo sulqflsohv frpelqhg zlwk ghfrp0

srvlwlrq/ vsolwwlqj dqg rswlpl}dwlrq whfkqltxhv duh xvhg iru frqvwuxfwlrq ri qxphulfdo

dojrulwkpv1 Wkh qryho dvshfwv duh wkh vhqvlwlylw| wkhru| dqg lqyhuvh prgholqj iru hq0

ylurqphqwdo sureohpv zklfk xvh wkh vroxwlrq ri wkh fruuhvsrqglqj dgmrlqw sureohpv

iru wkh jlyhq vhw ri ixqfwlrqdov1 Wkh phwkrgrorj| sursrvhg surylghv rswlpdo hvwl0

pdwlrqv iru remhfwlyh ixqfwlrqdov/ zklfk duh fulwhulrq ri wkh dwprvskhulf txdolw| dqg

lqirupdwlyh frqwhqw ri phdvxuhphqwv1 Vrph dssolfdwlrqv ri wkh vxjjhvwhg phwkrgv

iru vrxufh sdudphwhuv dqg yxoqhudelolw| }rqh hvwlpdwlrqv duh glvfxvvhg iru lpsruwdqw

uhjlrqv zlwk hqylurqphqwdo ulvn vlwhv1

� �������	�
��

Hvwlpdwlrq ri vrxufh sdudphwhuv edvhg rq hqylurqphqwdo srooxwlrq prqlwrulqj
lv d yhu| lpsruwdqw lvvxh iru qdwlrqdo hphujhqf| uhvsrqvh v|vwhpv1 Iru h{dpsoh/
diwhu wkh Dojhfludv dfflghqw lq Vsdlq +63 Pd| 4<<;, pdq| Hxurshdq prqlwruv
phdvxuhg shdnv ri dlu udglrdfwlyh frqwdplqdwlrq/ exw gxulqj vhyhudo gd|v wkh
uhdvrq zdv xqnqrzq1 Vlplodu vlwxdwlrqv kdg kdsshqg diwhu wkh Fkhuqre|o dqg
pdq| rwkhuv �pdq0pdgh� fdwdvwurskhv1 Uhyhdolqj uhjlrqv zlwk d kljk srwhq0
wldo ulvn dqg yxoqhudelolw| iurp qxfohdu ru lqgxvwuldo vlwhv lv dovr lpsruwdqw lq
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wkh orqj0whup sodqqlqj ri vrflr0hfrqrplfdo ghyhorsphqw ri whuulwrulhv dqg hphu0
jhqf| v|vwhpv1

D frpelqdwlrq ri wkh gluhfw dqg lqyhuvh prghoolqj dssurdfkhv doorzv wr vroyh
vrph hqylurqphqwdo dqg qxfohdu ulvn sureohpv pxfk pruh h�hfwlyho| frpsduhg
zlwk wudglwlrqdo zd|v edvhg rq d gluhfw prghoolqj1 Lq wklv duwlfoh zh ghvfuleh
vrph dvshfwv ri dssolfdwlrq dqg ghyhorsphqw ri wkh vlpxodwlrq whfkqltxh sur0
srvhg lq ^4�46`1 Lw vkrxog eh qrwhg wkdw prvw ri uhvhdufkhuv/ zklfk xvh iru
wkh glvfxvvhg sureohpv lqyhuvh phwkrgv/ h{sorlw wkh frpprq edfn0wudmhfwru|
whfkqltxhv/ vxlwdeoh rqo| iru Odjudqjldq prghov ^47049`1 Wkh lqyhuvh prgholqj
surfhgxuh ghvfulehg lq wkh sdshu lv edvhg rq yduldwlrqdo sulqflsohv zlwk vsolwwlqj
dqg dgmrlqw htxdwlrqv dqg lw lv dssolfdeoh iru Hxohuldq dqg Odjudqjldq prghov
^:/<`1

Dgydqfhg pdwkhpdwlfdo prghov ri k|gurg|qdplfv dqg prghov ri wudqvsruw
dqg wudqvirupdwlrq ri srooxwdqwv lq wkh jdvhrxv dqg dhurvro vwdwhv duh udwkhu
frpsolfdwhg/ ehfdxvh wkh| vkrxog wdnh lqwr dffrxqw erwk qdwxudo dqg dqwkur0
srjhqlf idfwruv zklfk d�hfw wkh surfhvvhv frqvlghuhg1 Lq rqh sdshu lw lv lpsrv0
vleoh wr jlyh dq h{whqvlyh ghvfulswlrq ri wkh vlpxodwlrq whfkqltxh iru d zkroh vhw
ri prghov1 Wkhuhiruh/ zh suhvhqw dv dq h{dpsoh wkh lghdv dqg pdlq frqvwuxf0
wlrqdo hohphqwv ri wkh prghov ri wudqvsruw dqg wudqvirupdwlrq ri srooxwdqwv1 Lw
lv dvvxphg wkdw wkh phwhrurorjlfdo fkdudfwhulvwlfv ri wkh dwprvskhulf v|vwhp duh
nqrzq dqg suhvfulehg dv lqsxw lqirupdwlrq lq wkh wudqvsruw prghov1

� ���
����
�� �� ��� ������
� ��� ���������

��� ��������
��
�� �� ����������

D gxdo ghvfulswlrq ri wkh prghov dv vkrzq lq ^6/ 8`/ lv xvhg wr frqvwuxfw qx0
phulfdo vfkhphv dqg wkhlu dojrulwkpv iru gluhfw/ dgmrlqw/ dqg lqyhuvh sureohpv=
+4, dv gl�huhqwldo htxdwlrqv ri wudqvsruw dqg wudqvirupdwlrq ri pxowl0vshflhv
srooxwdqwv/ dqg +5, lq wkh yduldwlrqdo irup zlwk d khos ri dq lqwhjudo lghqwlw|1

Wkh edvlf htxdwlrq v|vwhp ri wkh prgho lv zulwwhq lq wkh iroorzlqj irup ^709`=

+��*,l �
C�*

l

Cw
. O+�*

l
, . +K+�*,,l � il � ul @ 3> l @ 4> q> q � 4> +4,

zkhuh �* @ i*l
+�{> w,> l @ 4> q j 5 T+Gw, lv wkh yhfwru0ixqfwlrq ri wkh vwdwh/

*
l
0 frqfhqwudwlrq ri wkh lwk srooxwdqw/ q 0 qxpehu ri gl�huhqw vxevwdqfhv/

�i @ iil+�{> w,> l @ 4> q j 0 vrxufh ixqfwlrqv/ ul 0 ixqfwlrqv zklfk ghvfuleh xqfhu0
wdlqwlhv dqg huuruv ri wkh prgho/ O+�*

l
, @ gly^�+�x*

l
� � judg*

l
,` 0 dgyhfwlyh0

gl�xvlyh rshudwru/ �x @ +x4> x5> x6, 0 yhorflw| yhfwru/ � @ i�4> �5> �6j 0 frh!0
flhqwv ri wxuexohqw wudqvihu dorqj wkh frruglqdwhv �{ @ i{l> l @ 4> 6j/ K+�*, 0
qrqolqhdu pdwul{ rshudwru ri dq dojheudlf irup/ zklfk ghvfulehv wkh surfhvvhv ri
wudqvirupdwlrq ri srooxwdqwv/ � 0 suhvvxuh ixqfwlrq/ zkrvh irup ghshqgv rq wkh
fkrvhq frruglqdwh v|vwhp/ Gw @ G� ^3> �w `/ G 0 grpdlq ri yduldwlrq ri wkh vsdwldo
frruglqdwhv �{ / ^3> �w ` 0 wlph lqwhuydo/ dqg T+Gw, 0 vsdfh ri wkh vwdwh ixqfwlrqv/
zklfk vdwlvi| wkh frqglwlrqv dw wkh erxqgdu| ri wkh grpdlq Gw1 Wkh wudqvsruw
rshudwru lv pdgh dqwlv|pphwulf xvlqj wkh frqwlqxlw| htxdwlrq ri ^6`1
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Wkh lqlwldo frqglwlrqv dw w @ 3 dqg prgho sdudphwhuv fdq eh zulwwhq lq wkh
iroorzlqj irup=

�*
3 @ �*3d .

��3+�{,> �\ @ �\d .��+�{> w,> +5,

zkhuh �*
3

d
dqg �\d duh d0sulrul hvwlpdwhv ri wkh lqlwldo �hogv �*

3 dqg yhfwru ri

sdudphwhuv �\ > ��3+�{,/
��+�{> w, duh wkh huuruv ri wkh lqlwldo vwdwh dqg sdudphwhuv1 Li

zh vxssrvh wkdw wkh prgho dqg lqsxw gdwd duh h{dfw/ wkh huuru whupv lq +4,0+5,
vkrxog eh rplwwhg1 Wkh erxqgdu| frqglwlrqv ri wkh prgho duh frqvhtxhqfhv ri
wkh sk|vlfdo frqwhqw ri wkh sureohp xqghu lqyhvwljdwlrq1

Li wkh prgho lpsolhv wkh suhvhqfh ri huuruv/ wkh h{suhvvlrqv zklfk ghvfuleh wkh
odwwhu duh irupdoo| lqfoxghg lqwr wkh vrxufh ixqfwlrqv dv dgglwlrqdo frpsrqhqwv1

Wkh yduldwlrqdo irupxodwlrq ri wkh prgho kdv wkh irup ^6/7`

L+�*> �*�> �\ , �

]

Gw

+��*� �i,�*� gGgw @ 3> +6,

zkhuh �* 5 +Gw, lv wkh vwdwh ixqfwlrq/ �*
� 5 T�+Gw, 0 dgmrlqw ru fr0vwdwh ixqfwlrq/

T�+Gw, 0 vsdfh ri ixqfwlrqv dgmrlqw wr T+Gw,/ �\ @ i\l> l @ 4> q j 5 U+Gw,
0 yhfwru ri sdudphwhuv ri wkh prgho/ dqg U+Gw, 0 uhjlrq ri wkhlu dgplvvleoh
ydoxhv1 Wkh lqwhjudo lghqwlw| +6, lv frqvwuxfwhg wdnlqj lqwr dffrxqw wkh erxqgdu|
frqglwlrqv1 Wkh lqwhjudqg lq +6, lv pdgh v|pphwulf/ zklfk dxwrpdwlfdoo| +l1h1/
zlwkrxw dgglwlrqdo rshudwlrqv ri gl�huhqwldwlrq dqg lqwhjudwlrq, hqvxuhv hqhuj|
edodqfh ri ixqfwlrqdo +6, zlwk wkh vxevwlwxwlrq �*� @ �*1

Qrz ohw xv ghvfuleh rqh pruh hvvhqwldo hohphqw ri wkh frqvwuxfwlrq1 Zh phdq
wkh gdwd ri phdvxuhphqwv1 Lq rughu wr lqfoxgh wkhp lqwr wkh prgho surfhvvlqj/ lw
lv qhfhvvdu| wr irupxodwh wkh ixqfwlrqdo uhodwlrqvkls ehwzhhq wkh phdvxuhphqwv
wkhpvhoyhv dqg vwdwh ixqfwlrqv1 Ohw wklv uhodwlrq wdnh wkh irup

��p @ �P+�*, . ��+�{> w,> +7,

zkhuh ��p lv wkh vhw ri revhuyhg ydoxhv> �P+�*, 0 vhw ri phdvxuhphqw prghov>

��+�{> w, 0 huuruv ri wkhvh prghov1 Wkh ydoxhv ri ��p duh gh�qhg rq wkh vhw ri
srlqwv Gp

w
5 Gw1

Iurp srlqw ri ylhz ri wkh frpsxwdwlrqdo whfkqrorj|/ wkh phwkrgv ri lqyhuvh
prgholqj duh pruh vxlwhg wr zrun zlwk joredo +lqwhjudo, fkdudfwhulvwlfv ri wkh
prghov dqg surfhvvhv wkdq wr zrun zlwk wkh orfdo rqhv1 Wklv lv zk| zh ghwhuplqh
wkh vhw ri vxfk remhfwv lq d irup ri ixqfwlrqdov1

Iru wkh sxusrvhv ri prqlwrulqj/ suhglfwlqj/ frqwuroolqj/ ghvljqlqj/ dqg frq0
vwuxfwlqj dojrulwkpv ri lqyhuvh vlpxodwlrq/ zh lqwurgxfh d vhw ri ixqfwlrqdov

�n+�*, @

]
In+�*,"n+�{> w,gGgw> n @ 4>N> N � 4> +8,

zkhuh In+�*, duh wkh suhvfulehg ixqfwlrqv rq d vhw ri wkh vwdwh ixqfwlrqv/ zklfk
duh gl�huhqwldeoh zlwk uhvshfw wr �*/ "

n
� 3 0 zhljkw ixqfwlrqv/ dqg "

n
gGgw
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0 fruuhvsrqglqj Udgrq ru Gludf phdvxuhv lq Gw1 Xvlqj d ixqfwlrqdo +8, dqg
dq dssursuldwh fkrlfh ri wkh ixqfwlrqv In+�*, dqg "n/ zh fdq �qg jhqhudol}hg
hvwlpdwhv ri wkh ehkdylru ri wkh v|vwhp/ hfrorjlfdo uhvwulfwlrqv rq wkh txdolw|
ri wkh hqylurqphqw/ uhvxowv ri revhuydwlrqv ri ydulrxv w|shv/ sxusrvh frqwuro
fulwhuld/ fulwhuld ri wkh txdolw| ri wkh prghov/ hwf1 ^8/ 9`1 Iru h{dpsoh/ phdvxuhg
gdwd +7, fdq eh suhvhqwhg dv

�3+�*, @

��
��p � �P+�*,

�W
"rV

�
��p � �P+�*,

��
Gp
w

> +9,

zkhuh wkh lqgh{ W ghqrwhv wkh rshudwlrq ri wudqvsrvlwlrq1 Iru vrxufh hvwlpdwlrq/
lq dgglwlrq wr wkh ixqfwlrqdov +9,/ lw lv qhfhvvdu| wr frqvlghu d vhw ri ixqfwlrqdov
lq wkh irup +8,1 Hdfk ri wkhp ghvfulehv dq lqglylgxdo phdvxuhphqw1

Yduldwlrqdo irupxodwlrq +6, lv xvhg iru wkh frqvwuxfwlrq ri wkh glvfuhwh ds0
sur{lpdwlrqv ri wkh prgho1 Iru wkhvh sxusrvhv/ d julg Gk

w lv lqwurgxfhg lqwr
wkh grpdlq Gw> dqg glvfuhwh dqdorjv Tk+Gk

w ,/ T
�k+Gk

w ,/ U
k+Gk

w , ri wkh fruuh0
vsrqglqj ixqfwlrqdo vsdfhv duh gh�qhg rq lw1 Wkhq/ wkh lqwhjudo lghqwlw| +6, lv
dssur{lpdwhg e| lwv vxp dqdorj

Lk+�*> �\ > �*�, @ 3> �* 5 Tk+Gk

w
,> �*� 5 T�k+Gk

w
,> �\ 5 Uk+Gk

w
,= +:,

Wkh vxshuvfulsw k ghqrwhv d glvfuhwh dqdorj ri wkh fruuhvsrqglqj remhfw1 Qx0
phulfdo vfkhphv iru prgho +4, duh rewdlqhg iurp wkh vwdwlrqdulw| frqglwlrqv ri

wkh ixqfwlrqdo Lk+�*> �\ > �*�, zlwk uhvshfw wr duelwudu| dqg lqghshqghqw yduldwlrqv
dw wkh julg qrghv Gk

w ri wkh julg ixqfwlrqv �*� 5 T�k+Gk
w , iru gluhfw sureohpv

dqg �* 5 Tk+Gk
w
, iru dgmrlqw sureohpv ^6`1

� ��� ���
	 �����
��
 �� 
������ 
����
�� ���

����
�
�
�� ����
��

Ohw xv xvh wkh lghdv ri wkh rswlpl}dwlrq wkhru| dqg yduldwlrqdo whfkqltxh iru
wkh vwdwhphqw ri wkh lqyhuvh sureohpv dqg frqvwuxfwlrq ri phwkrgv iru wkhlu
vroxwlrq1 Lq wklv fdvh/ doo dssur{lpdwlrqv duh gh�qhg e| wkh vwuxfwxuh ri wkh
txdolw| ixqfwlrqdo dqg zd| ri lwv plqlpl}dwlrq rq wkh vhw ri ydoxhv ri wkh vwdwh
ixqfwlrqv/ sdudphwhuv/ dqg huuruv ri wkh prgho glvfuhwh irupxodwlrq ^8`1

Wkh edvlf ixqfwlrqdo lv irupxodwhg vr wkdw doo wkh dydlodeoh uhdo gdwd/ huuruv
ri wkh qxphulfdo prgho/ dqg lqsxw sdudphwhuv duh wdnhq lqwr dffrxqw=

M+�*, @ �n+�*, .
�
�uWZ4�u

�
Gk
w

.

��
�*3
� �*3

d

�W
Z5

�
�*3
� �*3

d

��
Gk

+;,

.

��
�\ � �\d

�W
Z6

�
�\ � �\d

��
Uk+Gk

w
,

. Lk+�*> �\ > �*�,=

Khuh/ wkh �uvw whup lv jlyhq e| +8,/+9,/ wkh vhfrqg whup wdnhv lqwr dffrxqw wkh
prgho huuruv/ wkh wklug whup ghvfulehv huuruv lq wkh lqlwldo gdwd/ wkh irxuwk whup
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lv uhvsrqvleoh iru wkh huuruv ri wkh sdudphwhuv/ dqg wkh �iwk whup lv d qxphulfdo
prgho ri wkh surfhvvhv lq d yduldwlrqdo irup/ Zl> +l @ 4> 5> 6 duh zhljkw pdwulfhv,1
Wkh vwdwlrqdulw| frqglwlrqv iru wkh ixqfwlrqdo +;, jlyhv xv wkh iroorzlqj v|vwhp
ri htxdwlrqv=

CLk+�*> �*�> �\ ,

C�*�
@ E�w�*.Jk+�*> �\ ,� �i � �u @ 3> +<,

CLk+�*> �*�n> �\ ,

C�*
.
C�k

n

C�*
@ +E�w,

W �*�n .DW +�*> �\ ,�*�n � ��n @ 3> +43,

�*�n+�{, mw@�w@ 3> +44,

��n+�{> w, @ judg�*�
k
n+�*, �

C�k
n+�*,

C�*
> +45,

�*3 @ �*3d .P�4
3 �*�n+3,> w @ 3> +46,

�u+�{> w, @ U�4+�{> w,�*�n+�{> w,> +47,

�\ @ �\d .P�4
4
��n> +48,

��n @
C

C�\
Lk+�*> �\ > �*�n,> +49,

D+�*> �\ ,�*
3

@
C

C�

k
Jk+�*. ��*

3

> �\ ,
l
` m�@3> +4:,

zkhuh �w lv d glvfuhwh dssur{lpdwlrq ri wkh wlph gl�huhqwldo rshudwru/ E 0 gl0
djrqdo pdwul{ +vrph gldjrqdo hohphqwv ri zklfk fdq eh }hur,/ J+�*> �\ , 0 qrq0
olqhdu pdwul{ vsdfh rshudwru ghshqglqj rq wkh vwdwh ixqfwlrq dqg sdudphwhuv/
DW +�*> �\ , 0 vsdfh rshudwru ri wkh dgmrlqw sureohp/ ��n 0 ixqfwlrqv ri prgho vhq0
vlwlylw| wr wkh yduldwlrqv ri sdudphwhuv/ dqg � 0 uhdo sdudphwhu1 Wkh rshudwlrqv
ri gl�huhqwldwlrq +<,/+43,/+45,/+49, duh shuiruphg iru doo julg frpsrqhqwv ri wkh
vwdwh ixqfwlrq/ dgmrlqw ixqfwlrqv/ dqg sdudphwhuv1 Iru whpsrudo dssur{lpdwlrq
ri ixqfwlrqdo +;,/ zh xvh wkh phwkrg ri zhdn dssur{lpdwlrq zlwk iudfwlrqdo vwhsv
lq wlph ^6`1 Wklv lv zk| wkh htxdwlrqv +<, dqg +43, duh wkh qxphulfdo vsolwwlqj

vfkhphv1 Wkh v|vwhp ri htxdwlrqv +<,0+4:, lv vroyhg zlwk uhvshfw wr �u> �*
3> �\

e| wkh lwhudwlyh surfhgxuhv ehjlqqlqj zlwk wkh lqlwldo dssur{lpdwlrqv iru wkh
vrxjkw ixqfwlrqv

�u+3, @ 3> �*3+3, @ �*3d>
�\ +3, @ �\d= +4;,

Wkuhh edvlf hohphqwv duh qhfhvvdu| iru wkh uhdol}dwlrq ri wkh phwkrg= 4,
dojrulwkp iru wkh vroxwlrq ri wkh gluhfw sureohp +<,/+46,0+48,> 5, dojrulwkp iru
wkh vroxwlrq ri wkh dgmrlqw sureohp +43,/+45,> 6, dojrulwkp iru wkh fdofxodwlrq ri

wkh vhqvlwlylw| ixqfwlrqv ��n zlwk uhvshfw wr yduldwlrqv ri sdudphwhuv +49,1 Wkhq/
wkh pdlq vhqvlwlylw| uhodwlrqv duh frqvwuxfwhg ^6/8`=

��n+�*, @ +��n> ��\ , @
C

C�
Lk+�*> �\d . ���\ > �*�n, m�@3> n @ 3>N= +4<,

zkhuh wkh v|pero � lqglfdwhv yduldwlrqv ri wkh fruuhvsrqglqj remhfwv/ ��\ @
i�\l> l @ 4> Q j lv wkh yhfwru ri yduldwlrqv ri wkh sdudphwhuv �\ 1
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Lqyhuvh sureohpv dqg phwkrgv ri lqyhuvh vlpxodwlrq duh irupxodwhg iurp
wkh frqglwlrqv ri plqlpl}dwlrq ri ixqfwlrqdov +8, lq wkh vsdfh ri sdudphwhuv ru
iurp wkh hvwlpdwhv ri vhqvlwlylw| wr yduldwlrqv ri wkhvh sdudphwhuv1 Lw lqfoxghv
dojrulwkpv iru vroylqj sureohpv +<,�+4:, dqg lpsohphqwdwlrq ri wkh ihhgedfn
iurp wkh ixqfwlrqdov wr wkh sdudphwhuv/ zklfk duh ghulyhg iurp wkh uhodwlrqv
+49, dqg +4<,=

g\�

gw
@ ����n�> � @ 4> Q�> Q� � Q> +53,

zkhuh �� duh wkh frh!flhqwv ri sursruwlrqdolw|/ zklfk duh irxqg lq wkh frxuvh
ri vroylqj wkh sureohp/ dqg Q� lv wkh qxpehu ri uh�qhg sdudphwhuv1

Lw vkrxog eh qrwhg wkdw wkh sursrvhg yduldwlrqdo sulqflsoh/ ehlqj frpelqhg
zlwk wkh vsolwwlqj whfkqltxh/ doorzv wr ghulyh wkh k|eulg vhw ri Hxohuldq dqg
Odjudqjldq wudqvsruw prghov ^:/</;`1 Vxfk w|shv ri prghov frpsohphqw hdfk
rwkhu vr wkdw wkhlu phulwv lqfuhdvh dqg ghphulwv ghfuhdvh lq vrph uhvshfw1

Lq frqvwuxfwlqj qxphulfdo vfkhphv iru wkh wudqvsruw prgho/ wkh k|gurwkhu0
prg|qdplf frpsrqhqwv ri wkh ixqfwlrq ri dwprvskhuh vwdwh duh dvvxphg wr eh
nqrzq dqg fdq eh suhvfulehg e| gl�huhqw phwkrgv1 Lq sduwlfxodu/ wkh| fdq eh
fdofxodwhg iurp wkh prghov ri dwprvskhulf g|qdplfv/ zklfk duh lqwhjudwhg vl0
pxowdqhrxvo| zlwk wkh wudqvsruw prghov1 Iru gldjqrvwlf vwxglhv/ hydoxdwlrq ri
lqirupdwlrq txdolw| ri revhuydwlrq v|vwhpv/ dqg lpsohphqwdwlrq ri vfhqdulrv ri
hfrorjlfdo survshfwv/ wudqvsruw prghov pd| eh xvhg wrjhwkhu zlwk prghov ri wkh
lqirupdwlrqdo w|sh/ zklfk jhqhudwh fkdudfwhulvwlfv ri dwprvskhulf flufxodwlrq rq
wkh edvlv ri uhwurvshfwlyh k|gurphwhrurorjlfdo lqirupdwlrq ^4:`1 Lq wklv fdvh/ iru
wkh frqvwuxfwlrq ri wkh gluhfwlqj skdvh vsdfh/ zh xvh Uhdqdo|vlv gdwd ^4;` iru
wkh joredo dqg odujh vfdohv/ dqg GPL0KLUODP dufklyhv ^4<` iru wkh phvr0 dqg
uhjlrqdo vfdohv1

Wkh vxjjhvwhg dssurdfk hqdeoh wr vroyh d eurdg fodvv ri hqylurqphqwdo dqg
qxfohdu ulvn sureohpv pruh h�hfwlyho|1 Wklv dssurdfk lqfoxghv= +l, ghyhorsphqw
ri d phwkrgrorj| wr uhyhdo wkh suhuhtxlvlwhv ri hfrorjlfdo glvdvwhuv> +ll, hqyl0
urqphqwdo txdolw| prgholqj> +lll, ghwhfwlrq ri wkh srwhqwldo srooxwlrq vrxufhv>
+ly, hydoxdwlrq ri wkhlu lqwhqvlw|> +y, hvwlpdwlrq ri wkh lqirupdwlyh txdolw| ri
prqlwrulqj v|vwhpv> +yl, fdofxodwlrq ri vhqvlwlylw| dqg �gdqjhu� ixqfwlrqv iru
surwhfwhg duhdv> +yll, whuulwruldo }rqlqj zlwk uhvshfw wr wkh gdqjhu ri ehlqj sro0
oxwhg e| nqrzq dqg srwhqwldo vrxufhv ri frqwdplqdwlrq> +ylll, lqwhufrqqhfwlrqv
ehwzhhq vrxufh dqg uhflslhqw ri srooxwlrq +gluhfw dqg ihhgedfn uhodwlrqv,> +l{,
hvwlpdwlrq ri ulvn dqg yxoqhudelolw| ri }rqhv2uhjlrqv iurp qxfohdu dqg rwkhu
gdqjhurxv vlwhv/ dqg +{, hvwlpdwlrq ri vhqvlwlylw| ixqfwlrqv iru vhohfwhg duhdv
zlwk uhvshfw wr ulvn vlwhv1

Wkh qxpehu ri dssolhg sureohpv zhuh vroyhg zlwk wkh khos ri gl�huhqw prg0
l�fdwlrqv ri wkh ghvfulehg phwkrgrorj|1 Dssolfdwlrq ri wkh gluhfw dqg lqyhuvh
prgholqj surfhgxuhv/ lqfoxglqj vhqvlwlylw| lqyhvwljdwlrq/ duh jlyhq lq ^:/</43/46`1
Vrph vshfl�f vwxglhv ri qxfohdu ulvn dqg yxoqhudelolw| zhuh suhvhqwhg lq ^44/45`1
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Vrxufh whup hvwlpdwlrq lv edvhg rq wkh xvh ri prqlwrulqj gdwd dqg lqyhuvh
prgholqj1 Lw lv d sduwlfxodu fdvh ri wkh jhqhudo lqyhuvh prgholqj dojrulwkp ^8/9`1

Wkh vrxufh ixqfwlrq lv frqvlghuhg dv rqh ri wkh sdudphwhuv lq �\ 5 U+Gw,1 Wkh
sursrvhg frpsxwdwlrqdo vfkhph ri wkh dojrulwkp lv dv iroorzv1

4, Vxssrvh wkdw wkh vrxufh whup lq +4, fdq eh suhvhqwhg dv d ixqfwlrq

i @

�Q[

�@4

T�+w,$�+�{,> +54,

zkhuh T� dqg $� duh wkh srzhu dqg vsdfh sdwwhuq ri wkh vrxufh zlwk wkh qxpehu
� @ 4>�Q 1

5, Fkrrvh d vhw ri phdvxuhphqwv �p dqg ghvljq wkh irup ri wkh ixqfwlrqdov
�n+�*>�p,> n @ 4>N iru ghvfulswlrq ri wkh phdvxuhphqv1 Qrwh wkdw wkh vwdwh
ixqfwlrq kdyh wr eh lqfoxghg lqwr wkh ixqfwlrqdov iru dgmrlqw sureohpv1

6, Fdofxodwh wkh vhqvlwlylw| ixqfwlrqv zklfk fdq vkrz xv li wkh vrxjkw0iru
vrxufh fdq eh revhuyhg zlwk d jlyhq vhw ri phdvxuhphqwv1 Lw phdqv wkdw rqh
kdv wr vroyh dv pdq| dgmrlqw sureohpv dv qxpehu ri phdvxuhphqwv1 Qrwh/ wkdw
vxfk sureohpv fdq eh h�hfwlyho| uxq lq sdudooho frpsxwlqj1 Wkhq wkh rewdqhg
vroxwlrqv ri wkh dgmrlqw sureohpv vkrxog eh lqyhvwljdwhg wr �qg wkh revhuydelolw|
uhjlrqv zkhuh vxssruwv ri wkh vhqvlvlwlylw| ixqfwlrqv ryhuods lq vsdfh dqg wlph1
Rqh vkrxog vhdufk iru d vrxufh qdpho| zlwklq wkhvh duhdv1 Wkh juhdwhu lv wkh
qxpehu ri ryhuodsshg vxssruwv/ wkh pruh h{dfw vrxufh sodfhphqw fdq eh lvrodwhg1

7, Irupxodwh wkh vhqvlwlylw| uhodwlrqv iru wkh fkrvhq vhw ri ixqfwlrqdov

��n+�*>�p, @ +*�n+�{> w,>

�Q[

�@4

�T�$�+�{,,> n @ 4>N> +55,

zklfk jlyh xv wkh srvvlelolw| wr gh�qh wkh vrxufh srzhu yduldwlrqv1 Lq d olqhdu
fdvh/ +55, jlyhv wkh uhodwlrq iru srzhu lwvhoi1 Iru pruh suhflvh lghqwl�fdwlrq ri
wkh vrxufh sdudphwhuv wkh jhqhudo dojrulwkp ri lqyhuvh prgholqj vkrxog eh xvhg1

� �� ���
��� �� ����	� ��� ����	� ��	��
��

D whvw sureohp lv lq wkh ghwhfwlrq ri wkh vrxufh orfdwlrq xvlqj phdvxuhphqw gdwd1
Dv revhuydwlrqdo gdwd/ wkh vroxwlrq ri wkh 6G khplvskhulf gluhfw sureohp rq
srooxwdqw wudqvsruw iurp wkh srlqw vrxufh lq wkh Fhqwudo Hxursh zdv wdnhq ^43`1
Wkh vfhqdulr krogv d 430gd| shulrg +57 Pdufk 0 35 Dsulo 4<<<,1 Dwprvskhulf
flufxodwlrq zdv uhfrqvwudfwhg e| phdqv ri qxphulfdo prgho ^4:` xvlqj Uhdqdo|vlv
gdwd ^4;` lq dvvlplodwlrq prgh1 Wkh 5G vhfwlrq ri frqfhqwudwlrq �hog dw wkh
vxuidfh ohyho lv suhvhqwhg lq Ilj14 +ohiw,1

Iroorzlqj d fulwhuld ri uhodwlyh vljql�fdqfh ohyho ri derxw 43�7 zlwk uhvshfw
wr wkh pd{lpxp frqfhqwudwlrq ydoxh dw 5 Dsulo 4<<</ whq prqlwrulqj srlqwv/
orfdwhg dw wkh Hduwk vxuidfh/ zhuh fkrrvhq1 Wkh �revhuydwlrqv� zhuh surylghg

:



gxulqj 4 gd|1 Iru wklv prqlwrulqj v|vwhp/ wkh 44 lqyhuvh vfhqdulrv zhuh fuhdwhg
iru hvwlpdwlrq ri wkh ixqfwlrqdov +8, zlwk wkh olqhdu In dqg Gludf phdvxuhv
^:/</46`1 Wkh �uvw vfhqdulr wdnhv lqwr dffrxqw wkh hqwluh prqlwrulqj vhw1 Lq
Ilj14 +uljkw,/ wkh vxuidfh ohyho ri wkh vrxufhv* vhqvlwlylw| ixqfwlrq lv glvsod|hg1
Wkh orfdo pd{lpxpv duh rewdlqhg qhdu wkh prqlwrulqj vlwhv1 Dv lw lv vhhq/ wkhuh
lv qr gluhfw hylghqfh iru ghwhfwlrq ri wkh vrxufh1 Wkh jhqhudol}hg fkdudfwhulvwlf
ri wkh qh{w 43 vfhqdulrv lv suhvhqwhg lq Ilj15 +ohiw,1 Hdfk ri wkh vfhqdulrv
jlyhv wkh vhqvlwlylw| ixqfwlrqv iru wkh ixqfwlrqdo wkdw wdnhv lqwr dffrxqw mxvw rqh
revhuydwlrq1 Wkh jhqhudol}hg fkdudfwhulvwlf lv wkh ixqfwlrq zklfk ghvfulehv wkh
ryhuods ri wkh vhqvlwlylw| ixqfwlrq vxssruwv1 Wkh ydoxh ri wklv ixqfwlrq jlyhv wkh
qxpehu ri ryhuodsshg duhdv1 Wkh grpdlqv zlwk wkh juhdw ydoxhv lv suhihudeoh wr
vhdufk d vrxufh1 Wkh ydoxh 43 vkrzv wkh grpdlq zkhuh 43 vxssruwv ryhuods1 Lq
Ilj1 5 +uljkw,/ zklfk lv h{wudfwlrq iurp Ilj15 +ohiw,/ wklv grpdlq lv glvsod|hg1

Vhyhudo rwkhu h{dpsohv ri vrxufh whup hvwlpdwlrq/ edvhg rq wkh gluhfw dqg
lqyhuvh orfdo0vfdoh prghoolqj lq d fdvh ri dfflghqwdo frqwdplqdwlrq iurp dq xq0
nqrzq uhohdvh/ dqg hvwlpdwlrq ri uhjlrqdo ulvn dqg yxoqhudelolw| iurp ydulrxv
qxfohdu dqg lqgxvwuldo gdqjhurxv vlwhv duh glvfxvvhg lq ^;/45/46`1

Wkxv/ wkh vxjjhvwhg phwkrgrorj|/ edvhg rq d frpelqdwlrq ri gluhfw dqg
lqyhuvh prgholqj/ h{whqgv wkh duhd ri dssolfdwlrq ri pdwkhpdwlfdo prghov1 Lw
doorzv xv wr �qg nh| sdudphwhuv zklfk duh uhvsrqvleoh iru wkh surfhvvhv* ehkdy0
lru1 Yduldwlrqdo sulqflsoh surylghv uhodwlrqv ehwzhhq phdvxuhg gdwd dqg prghov/
dqg jlyhv wkh frqvwuxfwlrq iru d zkroh vhw ri dojrulwkpv wr vroyh hqylurqphqwdo
sureohpv1

Dfnqrzohgjphqwv1 Y1S1*v zrun lv sduwo| vxssruwhg e| wkh Judqwv ri wkh
UIEU +34038098646 dqg 330480<;876, iru wkh Ohdglqj Vflhqwl�f Vfkrrov ri Uxv0
vld/ Uxvvldq Plqlvwu| ri Lqgxvwu| dqg Vflhqfh +3534139159<267<,/ dqg Hxurshdq
Frpplvvlrq +LFD50FW05333043357,1

 ������	��

^4` Pdufkxn/ J1L1= Pdwkhpdwlfdo prgholqj lq wkh hqylurqphqwdo sureohpv1
Prvfrz/ Qdxnd +4<;5, +lq Uxvvldq,

^5` Pdufkxn/ J1 L1= Dgmrlqw htxdwlrqv dqg dqdo|vlv ri frpsoh{ v|vwhpv1 Noxehu
Dfdghplf Sxeolfdwlrq +4<<8,

^6` Shqhqnr/ Y1Y1= Phwkrgv ri qxphulfdo prgholqj ri wkh dwprvskhulf sur0
fhvvhv1 Ohqlqjudg/ Jlgurphwhrl}gdw +4<;4, +lq Uxvvldq,

^7` Shqhqnr/ Y1Y1 dqg Dor|dq/ D1H1= Prghov dqg phwkrgv iru hqylurqphqw
surwhfwlrq sureohpv1 Qdxnd/ Qryrvleluvn +4<;8,

^8` Shqhqnr/ Y1Y1= Vrph Dvshfwv ri Pdwkhpdwlfdo Prgholqj Xvlqj wkh Prghov
Wrjhwkhu zlwk Revhuydwlrqdo Gdwd1 Exoo1 Qry1 Frps1 Fhqw1 7 +4<<9, 64085

^9` Shqhqnr/ Y1Y1= Qxphulfdo prghov dqg phwkrgv iru wkh vroxwlrq ri wkh sure0
ohpv ri hfrorjlfdo iruhfdvw dqg ghvljq1 Vxuyh| ri wkh Dssolhg dqg Lqgxvwu|
Pdwkhpdwlfv1 Yro1 4/ 9 +4<<7, <4:�<74
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Iljxuh 5= Wkh ryhuodsshg vxssruwv ri wkh vhqvlwlylw| ixqfwlrqv iru 43 lqglylgxdo
revhuydwlrqv +ohiw, dqg ghwhfwhg vrxuvh orfdwlrq duhd +uljkw,
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^:` Shqhqnr/ Y1Y1 dqg Wvyhwryd/ H1 D1= Prgholqj ri surfhvvhv ri srooxwdqw
wudqvsruw lq gluhfw dqg lqyhuvh sureohpv ri folpdwr0hfrorjlfdo prqlwrulqj
dqg suhglfwlrq1 Dwprv1 Rfhdq1 Rsw1 45+9, +4<<<, 795�79:

^;` Ednodqry/ D1= Prghoolqj ri wkh dwprvskhulf udglrqxfolgh wudqvsruw= orfdo
wr uhjlrqdo vfdoh1 Lq= Qxphulfdo Pdwkhpdwlfv dqg Pdwkhpdwlfdo Prghoolqj/
Yro1 51 LQP UDV/ Prvfrz/ Uxvvld +5333, 5770599

^<` Shqhqnr/ Y1Y1 dqg Wvyhwryd/ H1D1= Vrph dvshfwv ri vroylqj lqwhuuhodwhg
sureohpv ri hfrorj| dqg folpdwh1 Mrxuq1 ri Dssolhg Phfkdqlfv dqg Whfkql0
fdo Sk|vlfv/ 74+8, +5333, <3:0<47

^43` Shqhqnr/ Y1 Y1 dqg Wvyhwryd/ H1 D1= Dqdo|vlv ri vfdohv ri wkh dqwkursrjhqlf
lpsdfwv lq wkh dwprvskhuh1 Dwprv1 Rfhdqlf Rsw1/ 46+7, +5333, 694�698

^44` Ednodqry/ D1/ Pdkxud/ D1/ Md�h/ G1/ Wkdqlqj/ O1/ Ehujpdq/ U1 Dqguhv/
U1= Dwprvskhulf Wudqvsruw Sdwwhuqv dqg Srvvleoh Frqvhtxhqfhv iru wkh
Hxurshdq Qruwk diwhu d Qxfohdu Dfflghqw1 Mrxuqdo ri Hqylurqphqwdo Ud0
glrdfwlylw| +5334, +dffhswhg,

^45` Uljlqd/ R1 dqg Ednodqry/ D1= Uhjlrqdo udgldwlrq ulvn dqg yxoqhudelolw|
dvvhvvphqw e| lqwhjudwlrq ri pdwkhpdwlfdo prghoolqj dqg JLV0dqdo|vlv1 M1
Hqylurqphqw Lqwhuqdwlrqdo +5334, +vxeplwwhg,

^46` Shqhqnr/ Y1Y1= Uhyhdolqj wkh duhdv ri kljk hfrorjlfdo yxoqhudelolw|= wkh
frqfhsw dqg dssurdfk wr uhdol}dwlrq1 Dwprv1 Rfhdq1 Rsw1 47 +5334, +lq
suhvv,

^47` Sudkp/ O1S1/ Frqudgvhq/ N1/ Qlhovhq/ O1E1= Uhjlrqdo vrxuvh txdqwl�fdwlrq
prgho iru vxoskxu r{lghv lq Hxursh1 Dwprv1 Hqy1 47 +4<;3, 435:04387

^48` Shuvvrq/ F1/ Urgkh/ K1/ Gh Jhhu/ O1H1= Wkh Fkhuqre|o dfflghqw= D ph0
whrurorjlfdo dqdo|vlv ri krz udglrqxfolghv uhdfkhg dqg zhuh ghsrvlwhg lq
Vzhghq1 Dpelr/ 49 +4<;:, 53064

^49` Vhlehuw/ S1= Lqyhuvh glvshuvlrq prghoolqj edvhg rq wudmhfwru|0ghulyhg
vrxuvh0uhfhswru uhodwlrqvvklsv1 Lq= Ju|qlqj/ V1H1/ Fkdxphuoldf/ Q1+hgv1,=
Dlu srooxwlrq prgholqj dqg lwv dssolfdwlrq [LL/ Sohqxp/ Q\ +4<<:, :440
:46

^4:` Shqhqnr/ Y1 Y1 dqg Wvyhwryd/ H1 D1= Suhsdudwlrq ri gdwd iru hfrorjlfdo
vwxglhv zlwk wkh xvh ri Uhdqdo|vlv1 Dwprv1 Rfhdq1 Rsw1/ 45+8, +4<<<, 77:�
77<

^4;` Ndoqd|/ H1/ Ndqdplwv/ P1/ Nlvwohu/ U1 hw do1= Wkh QFHS2QFDU 730|hdu
uhdqdo|vlv surmhfw1 Exoo1 Dphu1 Phwhruro1 Vrf1 ::/ +4<<9, 76:�7:4

^4<` Vûuhqvhq/ M1K1/ Odxuvhq/ O1/ Udvpxvvhq> D1= Xvh ri GPL0KLUODP iru
rshudwlrqdo glvshuvlrq fdofxodwlrqv1 Lq= Ju|qlqj/ V1H1/ Ploodq/ P1P1+hgv1,=
Dlu srooxwlrq prgholqj dqg lwv dssolfdwlrq [/ Sohqxp/ Q\ +4<<7, 6:606;4
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